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Relating neural activity to behavior requires an understanding of how
neural computations arise from the coordinated dynamics of distributed,
recurrently connected neural populations. However, inferring the nature

of recurrent dynamics from partial recordings of a neural circuit presents
considerable challenges. Here we show that some of these challenges can be
overcome by a fine-grained analysis of the dynamics of neural residuals—that
is, trial-by-trial variability around the mean neural population trajectory fora
given task condition. Residual dynamics in macaque prefrontal cortex (PFC) in
asaccade-based perceptual decision-making task reveals recurrent dynamics
thatis time dependent, but consistently stable, and suggests that pronounced
rotational structure in PFC trajectories during saccades is driven by inputs
fromupstream areas. The properties of residual dynamics restrict the
possible contributions of PFC to decision-making and saccade generation and
suggest a path toward fully characterizing distributed neural computations
with large-scale neural recordings and targeted causal perturbations.

Perception, decisions and the resulting actions reflect neural computa-
tionsimplemented by large, interacting neuronal populations actingin
concert"? Inferring the nature of these interactions from recordings of
neural activity isakey step toward uncovering the neural computations
underlying behavior’. One promising approach assumes that neural
computationsareinstantiated by adynamical system'®", reflecting the
combined effects of feedforward inputs into a neural population and
dynamicsimplemented throughits recurrent connectivity" . The util-
ity of this ‘computation-through-dynamics’ framework hinges on the
ability to disentangle how inputs and recurrent dynamics contribute
to the activity of a neural population™”,

Here we show that the properties of inputs and recurrent dynam-
ics can sometimes be revealed by analyzing the dynamical structure
of neural population residuals—that is, the trial-to-trial variability in
neural population responses’®. Our approach is based on the intui-
tive idea that the effect of recurrent computations can be revealed
by observing how a perturbation of the state of the neural popula-
tion evolves over time?*?°, Unlike experiments employing external,
causal perturbations, we directly analyze response residuals, whichwe
interpretas naturally occurring perturbations within the repertoire of

activity patterns produced by arecurrent neural network®**', We refer
tothe dynamics of response residuals as ‘residual dynamics’and show
that it provides insights into the combined effects of the recurrent
dynamics implemented locally in the recorded area and in upstream
areas providing inputs to it. Obtaining a complete and quantitative
description of residual dynamics is difficult, because the structured
component of neural population residuals is typically dwarfed by
unstructured noise that may reflect variability in single-neuron spik-
ing" . We obtain reliable, unbiased estimates of residual dynamics
with novel statistical methods based on subspace identification®**
and instrumental variable regression®*.

Our findings are organized in three sections. First, we illustrate
the challenges in disentangling inputs and recurrent dynamics
based on the simulations of simple dynamical system models (Figs.
1and 2). These models implement dynamics previously proposed to
explain neural population responses during sensory evidence inte-
gration'>” and movement generation>**, We use the simulations
to establish what insights into recurrent dynamics can be obtained
from different components of the neural responses, in particular
condition-averaged responses and response residuals. Second, we
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Fig.1| Disentangling contributions of inputs and recurrent dynamics to
neural responses. a, Computation through dynamics. Anatomical view (left):
recurrent dynamics and inputs respectively capture how the recorded neural
responses are shaped by recurrent connectivity within the recorded area
(orange) and by responses in additional areas (green). Functional view (right):
recurrent dynamics and inputs reflect processes distributed across several areas
(color gradient) and are defined based on their functional contributions to neural
responses (graphical model, bottom). b, Relation of functional and anatomical
viewpoints in two example scenarios (top and bottom row: simple versus
complexinputs). ¢,d, Models of decision-making (c) and movement generation
(d) based on simple inputs as in b (top). Each panel shows simulated single

trials (dark-gray trajectories) and condition-averaged trajectories (blue and red
trajectories) for two task conditions (choice 1and choice 2). Black arrows show
the effect of recurrent dynamics on the response at any state-space location.
The effect of aninput drive is constant across state-space but can change over

time and across task conditions (middle panelin ¢, example input directions at
bottom). ¢, Models of decision-making. The three models implement unstable
(left), perfect (middle) and leaky (right) integration of an appropriately chosen
input.d, Models of movement generation. Left: purely rotational dynamics.
Perturbations along both state-space dimensions are persistent; middle:
dynamic attractor. Perturbations along the radial dimension decay but persist
along the circular ‘channel’ Right: point attractor. Responses are driven by strong
inputs. IC: approximate extent of the initial conditions, shown for the dynamic
attractor model. e, Input drive (see b) for the modelsin cand d. Curves indicate
the components of the input drive along the two state-space dimensions (solid
versus dashed) over time (horizontal axis) and conditions (red versus blue). Input
drives are chosen to produce identical condition-averaged trajectories across
modelsin candind. Boxesin cand d (left subpanels): regions of state-space
analyzed in Fig. 2. ED, Extended Data.

study neural population recordings from prefrontal cortex (PFC) of
macaque monkeys during decision-making and saccadic choices
(Figs.3-5). Although condition-averaged responsesin PFC are consist-
entwithanumber of previously proposed models of evidence integra-
tionand movement generation, we rule out several candidate models
based on the properties of the inferred residual dynamics. Third, we
study simulations of multi-area, recurrent neural network (RNN) mod-
els of decision-making’® to illustrate how inferred residual dynamics
could be used to deduce circuit-level implementations of distributed
recurrent computations (Figs. 6-8).

Results

In the framework of computation through dynamics, the temporal
evolution of the state of a neural population (z,, t indicates time) can
be described through a differential equation:

@

The momentary change in the population state (Z,) on each trial
reflects the combined effect of four distinct factors: the recurrent
dynamics F(z,), the inputs u,, the latent noise €, and the initial condi-
tions z, (state at time zero). The first three factors are assumed to

72, =F(z))+u, +¢€

combine additively, as is approximately the case in many RNN
models™* ™,

Mapping these factors directly onto individual brain areas
(Fig. 1a, anatomical view) is typically not possible when using neural
recordings from only one or few areas within a larger network®*>*°,
Rather, here, z, represents a low-dimensional dynamical state that is
reflected in the collective activity of all recorded neurons®, whereby
each factor contributing to it can be distributed across many areas*
(Fig.1a, functional view). Nonetheless, the various factorsin Eq. (1) can
be distinguished ata functional level, through their distinct contribu-
tions to variability in neural responses—F(z,) captures the functional
consequences of distributed recurrent connectivity and induces vari-
ability over slow time scales (that is, long temporal autocorrelation);
€, captures fast variability (no autocorrelation); and u,can capture fast
or slow variability, depending on the complexity of processing in areas
upstream of the recorded one (Fig. 1b).

Weillustrate the relation between the anatomical and functional
interpretations by considering two simulated scenarios differingin the
complexity of the inputs. Inputs are either ‘simple’, reflecting purely
feedforward computations (Fig. 1b, top, and Figs.1c,d and 2), or ‘com-
plex;, resulting from recurrent processing occurring upstream of the
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Fig.2|Residual dynamics reveals population-level computations. a, Different
factors contributing to the dynamics of the saddle point model, shownin the
state-space region marked in Fig. 1c for an early time in choice 1 trials (box). Same
conventions asin Fig. 1c. Recurrent dynamics and input drive sum to generate
the effective dynamics, determining the evolution of the response in the absence
of noise. The residual dynamics is the component of the effective dynamics

that explains the evolution of perturbations away from the condition-averaged
trajectory (blueline; blue dot: reference time). b, Effective and residual dynamics
estimated directly from simulated single-trial residuals match the ground truth
ina. ¢, Ground truth residual dynamics for the models of decisions, same state-
space region and reference time as in a. The residual dynamics reflects the key
properties of the recurrent dynamics at the corresponding state-space region
inFig.1c. The arrowsin each flow field were scaled by a fixed factor that differed
across models and with a (numbers close to arrows at the bottom). d, Analogous

to cbut for the models of movement at an early time in choice 1 trials (box in
Fig.1d). e-g, Properties of the estimated residual dynamics for the models in
Fig.1c,d. Only residual dynamics for choice 1is shown. The residual dynamics

is described by a time-dependent and condition-dependent, autonomous,

linear dynamical system. The corresponding time-varying dynamics matrices
describe the residual dynamics at particular locations along one of the condition-
averaged trajectories (Extended Data Fig. 1). e, Magnitude of the EVs (y axis)

of the 2D dynamics matrix as a function of time (x axis). f, SVs of the dynamics
matrix as a function of time for the models of decisions. The difference between
EVsand SVsin the line attractor model is a consequence of non-normal dynamics.
g, Angular phase associated with complex valued EVs for models of movement.
Larger angular phase implies faster rotational dynamics. EVs, SVs and angular
phase together distinguish between the different models.

recorded area (Fig. 1b, bottom, and Figs. 6 and 7). These simulations
illustrate the challenges in distinguishing the functional contributions
of recurrent dynamics and inputs but also that response residuals are
well suited for this challenge.

Neural trajectories poorly constrain recurrent computations

We simulated responses of several hand-designed models that approx-
imate neural population dynamics previously proposed to underly the
accumulation of sensory evidence toward a choice'>* (Fig. 1c) or the

generation of complex motor sequences™* (Fig.1d). Asin more com-
plex RNN models'>"**>¥ here the input consists of two components
(Fig. 1b, functional view): a deterministic input drive u, (repeatable
across trials of the same condition) and latent input noise &, (Fig. 1b,
simple inputs).

We simulated single-trial responses for two task conditions and
visualized them as trajectories in a two-dimensional (2D) neural
state-space (Fig. 1c,d, choice 1 and choice 2; dark-gray curves). The
recurrent dynamics F(z,) describes the noiseless evolution of the
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Fig.3| Average dynamics in PFC during perceptual decisions and saccades.
a, Behavioral task. Monkeys fixating at the center of a screen (fixation point,
black cross) viewed arandom dot stimulus for 800 ms. After a delay period of
random duration, they reported the perceived direction of motion with a
saccade to one of two targets (red and blue circles; blue: choice 1; red: choice 2).
After the saccade, the monkeys had to fixate on the chosen target during a hold
period of random duration. b, Position of the 10 x 10 electrode array in pre-
arcuate cortex of the two monkeys. Black circles indicate the cortical locations
ofthe 96 electrodes used for recordings. ¢,d, Neural trajectories in monkey

T, averaged over trials of the same choice. Trajectories are obtained after aligning
neural responses (Extended Data Fig. 6) from experimental sessions with a
similar configuration of saccade targets (config 3; Extended Data Fig. 6). Aligned
responses are projected into four activity subspaces: the choice, time, jPC,, and
jPC,, planes, capturing variance due to choice, time and rotations, respectively
(R fraction of variance explained; f: rotation frequency associated with the
jPCplane). c, Trajectories in the decision epoch (0.2 seconds to1second
relative to stimulus onset, filled circle). d, Trajectories in the movement epoch
(-0.7 seconds to 0.5 seconds relative to saccade onset, filled circle).

instantaneous state (z,) from a given state-space location in the
absence of inputs (Fig. 1c,d, black arrows and light-gray curves). The
inputdrive (a,) injects a particular pattern of activity into the neural
population, thus pushing the state along a state-space direction that
couldvary across time and task conditions (Fig. 1c, red and blue arrows,
and Fig. 1e).

Very different combinations of recurrent dynamics and
inputs resulted in very similar trajectories. The three models of
decision-making instantiate different behavioral ‘strategies’ for
perceptual decision-making*?, from unstable, impulsive decisions
(Fig.1c, saddle point) to optimal accumulation of evidence (Fig. 1c, line
attractor) and leaky, forgetful accumulation (Fig. 1c, point attractor).
However, for the chosen input drive, which can be constant (Fig. le,
saddle point) or transient (Fig. le, line and point attractor), all three
models produce similar single-trial trajectories (Fig. 1c, gray curves)
and indistinguishable condition-averaged trajectories (Fig. 1c, blue
andred curves). Analogous observations hold for the models of move-
ment generation (Fig. 1d). The condition averages do not distinguish
betweentwo modelsin which responses were drivensolely by recurrent
dynamics (Fig. 1e)— a model implementing rotational dynamics™*°,
in which variability in the initial condition is reflected throughout
the entire trajectory (Fig. 1d, rotations; gray curves), and a ‘dynamic
attractor’” model, in which activity is pushed toward and through a
narrow channelin state space (Fig.1d, dynamic attractor). Theresulting

conditionaverages are alsoidentical to those fromamodel thatimple-
ments point attractor recurrent dynamics and is strongly input driven'
(Fig.1d, point attractor).

Condition-averaged trajectories, which are often used to compare
simulated neural responses to measured population activity>>*, thus
cannot disentangle the functional effects of recurrent dynamics and
inputsin these simple models.

Residual dynamics canresolve recurrent contributions

Neural residuals are defined as the difference between a single-trial
trajectory and the corresponding condition-averaged trajectory****
(Extended Data Fig. 1). We interpret residuals as perturbations away
from the condition-averaged trajectory and capture how these per-
turbations evolve over time through the ‘residual dynamics’ (Extended
DataFig.1).

For the simulated models, the dynamics of residuals can be derived
analytically, in two steps (Fig. 2a and Extended Data Fig. 1). We define
the ‘effective dynamics’ by summing the contribution of recurrent
dynamics and input drive, thus capturing the noiseless evolution of
the population response from any given state-space location. We
then obtain the ‘residual dynamics’ by subtracting, from the effective
dynamics, acomponent corresponding to the instantaneous direction
of change along the condition-averaged trajectory (Fig. 2a, see labels
over each panel).
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Fig. 4 |Residual dynamics in PFC during perceptual decisions and saccades.
a-d, Estimated residual dynamics in PFC in monkey T, same task configuration
asinFig.3c,d. The residual dynamics was 8D for this example dataset. a, Relative
alignment between the modes spanning the 8D dynamics subspace and the
modes spanning the 20D aligned subspace (Extended Data Figs. 6and 7),
measured as the absolute value of the corresponding dot product. The dynamics
modes project strongly onto the first few aligned modes, which capture most
ofthe task-relevant variance in the responses. b-d, Properties of the residual
dynamics (circles) for asingle choice condition (choice 1). Error bars: 95%
bootstrap Cls (shown at selected times) obtained by fitting residual dynamics
torandomly resampled trials (n =1,000). b, EVs of the dynamics (left axis) and
associated time constants of decay (right axis) as a function of time (x axis).
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Fig. 6). Black curves: averages across all choices and configurations. e, Magnitude
ofthe largest EV (left axis) and the associated decay time constants (right axis).
f,Largest SV.g, Largest angular phase of the EV and the corresponding frequency
of rotation. h, Time course of the index of non-normality.

The residual dynamics describes how a perturbation of a neural
statealongthe condition-averaged trajectory evolves over the course of
onetimestep (Fig. 2¢,d, blue dot: unperturbed ‘reference’ neural state;
arrows: evolution fromthe perturbed states). For the saddle point model
(Fig. 2c, saddle point), perturbations along the horizontal direction
expand over time (arrows point away fromthe reference state), whereas
perturbations along the vertical direction decay back to the trajectory
(arrows point toward the reference state). These dynamics correctly
reflect the influence of a saddle point in the vicinity of the reference
state (Fig. 1c, box). Likewise, the residual dynamics correctly reveals line
attractor and point attractor dynamics in the other two models of deci-
sions (Fig. 2c) and key properties of the recurrent dynamicsinthe models
of movement—that s, rotational dynamics, decay toward the dynamic
attractor and point attractor dynamics (Fig. 2d). These differences in
the underlying recurrent dynamics are less apparent in the effective
dynamics, particularly for strong input drives (Extended Data Fig. 1).

For measured neural responses, we approximate residual dynam-
ics with a condition-dependent and time-dependent, locally linear
system, whereby time parameterizes location in state-space along
the condition-averaged trajectory (Extended Data Fig. 1). Such linear
dynamics is well suited to describe residuals because, by definition,
residual dynamics always has afixed point at the location of the refer-
ence neural state (Fig. 2c,d, blue dot). We estimate the linear approxi-
mations by combining methods from subspace identification®** and
instrumental variable regression®* (Extended DataFig. 2). These meth-
ods, unlike simpler linear regression approaches, can produce robust
and unbiased estimates of residual dynamics in biologically realistic
settings (Extended Data Fig. 3).

We summarize the residual dynamics through three properties of
thelinear approximations, specifically the magnitude of the eigenval-
ues (EVs), the singular values (SVs) and the rotation frequency associ-
ated withthe EVs (Fig. 2e-g). Together, these properties distinguish the
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Fig. 5| Alignment of residual dynamics and condition averaged trajectories.
a, Condition-averaged trajectories for the line attractor model (top, and Fig. 1c)
augmented with an additional 2D subspace with decaying dynamics and strong
input drive (bottom, time plane; red and blue trajectories are overlayed).

b, Alignment between the eigenvectors of the residual dynamics and the task-
related subspaces, for the model in a. Top: angle between the choice plane and
the eigenvectors (gray points). Eigenvectors are indexed by EV magnitude.
Bottom: regression coefficients, for linear regression as on top (line; angle versus
EV magnitude). Large negative coefficients identify task subspaces aligned with
slow residual dynamics. Task subspaces are redundant (for example, choice and
jPC34) asresidual dynamicsis only 4D. ¢, Trajectories for the rotation model (top,

and Fig. 1d) augmented asin a (bottom, jPC12 plane).d, like b, for the modelinc.
Eigenvectors are indexed by the associated rotation frequency. Large negative
coefficients identify task subspaces aligned with rotational residual dynamics.
e, Example alignments for PFC activity in monkey T. Angles (gray points) are
pooled across times within an epoch (titles), task configurations and choices.
Linear regression (dashed line) includes coefficients (f1and 32) for EV
magnitude (lev|) and rotation frequency (freq). f, Regression coefficients for PFC
activity (asine), for all epochs, task subspaces and monkeys (circles: coefficient
estimate; error bars: 1.96 standard error). Filled circles indicate non-significant
regression coefficients (P > 0.05; t-statistic, degrees of freedom (dof) =1,405,
two-sided; HO: coefficient estimate = 0).

modelsinFig.1c,d.Forlocations close to the saddle pointin the model
of decision-making, one EVislarger than1,implying that perturbations
along the associated eigenvector (the horizontal direction in Fig. 1c,
left) expand over time; the other EV is smaller than 1, corresponding
to decay along the vertical direction (Fig. 1c, left; center of flow field;
Fig. 2e, left-most panel; early times). For the line attractor, the largest
EVis1(Fig.2e,second fromleft) as horizontal perturbations are persis-
tent—thatis, neither expand nor decay. For a point attractor, allEVs are
smaller than1 (Fig. 2e, third fromleft; all directions decay). Rotational
dynamics results in complex-valued EVs associated with a non-zero
rotation frequency (Fig. 2g). Differences between the magnitude of
SVsand EVs reflect non-normal dynamics, a feature of many models of
neural computation**. The SV larger thanlin the line attractor model
implies that small perturbations alongthe corresponding right singular
vector transiently expand, even though they are persistent (EV =1) or
decay (EV <1) over longer time scales (Fig. 2e,f).

Residuals dynamics reflects local and upstream recurrence

The above simulationsillustrate one setting in which residual dynam-
ics, unlike the condition-averaged trajectories, can reveal the proper-
ties of the recurrent dynamics—when input variability is temporally
uncorrelated, any slow correlationsinthe residuals are entirely due to
(and canbe used to infer) the recurrent dynamics (Fig. 1b, top; simple
inputs). This constraint, however, is likely violated for single areas in
biological networks, where the input into an area could result from
recurrent processing in upstream areas®**'. In Eq. 1, the input (u,)
would theninclude a component of variability with slow temporal

correlations, reflecting the upstream recurrent dynamics (§;in Fig. 1b,
bottom; complexinput).

In such settings, residual dynamics reflects not just the ‘local’
recurrent dynamics (F,,,; Fig. 1b) but, rather, the combined effects
of the recurrent dynamics in the recorded area and in any upstream
areas contributing aninputto the recorded area** (F,sream; Fig. 1b). For
example, residual dynamics with large EVs or large rotation frequen-
cies need not imply that the recurrent dynamics in the recorded area
isunstable or rotational, as such dynamics may be implemented also,
or exclusively, in areas upstream of the recorded one (Extended Data
Figs.4and5).

Notably, direct or indirect connections from unrecorded to
recorded neurons withinthelocal, recurrently connected population
need not result in a functional ‘input’ in the sense of Eq. (1). If neural
activity evolves within a low-dimensional manifold, recordings from
alarge enough subset of neurons within a network can be sufficient to
estimate the population state z, of the entire network®**. The effect of
unrecorded neuronsinthe local network is then fully captured by the
recurrent dynamics F (ref. 48) (Fig.1b; F=F,,).

Neural trajectories of decisions and movements in PFC

We developed an analysis pipeline to estimate residual dynamics from
recorded neural responses (Extended Data Fig. 2) and applied it to
recordings from PFC (area 8Ar) in two macaque monkeys perform-
ing a saccade-based perceptual decision-making task* (Fig. 3a,b).
We increased the statistical power of our analyses by ‘aligning” and
combining neural activity from different experiments with a similar
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Fig. 6 | Local residual dynamics in multi-area networks of perceptual
decision-making. Each network consists of two interconnected modules
(PPCand PFC), whereby a module mimics an RNN with a given strength of local
recurrence. PPCis driven by an external input, and feedback connections from
PFCto PPCare either absent (a—c) or present (d-f). a, Connectivity (top) and
average trajectories (bottom) for an example network with weak feedforward
connectivity between areas (top, thinarrow) and strong local recurrence (thick
arrows). Condition-averaged trajectories are shown separately for each area
for two choices (blue: choice 1, red: choice 2). Trajectories are visualized ina
subspace spanned by the choice mode, explaining variance due to choice, and
atime mode, explaining condition-independent variance. b, Time-varying EV

Between-area
connection strength

Between-area

Time (s)
connection strength

magnitude of the local residual dynamics estimated from residuals in PPC (left)
or PFC (right) for choice 1, in the example network in a. The external input is
turned on 400 ms after the start of the trial (gray dashed line). EV magnitudesin
PFC are strongly reduced upon shuffling the feedforward output of PPC across
trials (blue dashed curves). ¢, Maximum EV magnitude (circle) measured across
time for residuals projected onto the choice modesin PPC (left) or PFC (right),
asafunction of the strengths of local recurrence (black to gray: small to large
recurrence) and between-area connections (x axis). Error bars indicate 95%
bootstrap Cls obtained by fitting residual dynamics to randomly resampled trials
(n=1,000). The dashed circle marks the example network showninaandb.
d-f, Same conventions as in a-c but for networks with between-area feedback.

task configuration (Extended Data Fig. 2, step 1; 14-61 experiments
per configuration and 150-200 units per experiment). The alignment
yielded a20-dimensional (20D) activity subspace explaining >90% of
task-related variance in the average neural responses® (Extended Data
Fig. 6). We performed subsequent analyses within this aligned sub-
space, although the main results can be reproduced from sufficiently
long single experiments (Extended Data Fig. 7).

We visualized the aligned population trajectories through projec-
tions onto several 2D activity subspaces: a ‘choice’ plane, emphasiz-
ing choice-related activity; a ‘time’ plane, emphasizing time-varying
activity common to all conditions; and two jPC’ planes®, emphasizing
rotational dynamics (Fig. 3¢,d, left to right). Only the two jPC planes
were orthogonalized with respect to each other, meaning that some
planes captured shared components of the activity (for example,
Fig. 3c, time and jPC,, planes). We estimated the planes separately
during a decision epoch (Fig. 3¢, random dots presentation) and a
movement epoch (Fig. 3d, saccade execution).

The PFC trajectories shared several features with the model tra-
jectoriesinFig.1c,d. Asinthe decisionmodels (Fig.1c), PFC responses
started in an undifferentiated state before stimulus onset (Fig. 3c,
choice plane; filled dots mark stimulus onset) and gradually diverged
based onthe upcoming choice (Fig. 3c, red versus blue). Before saccade
onset, PFC responses fell into largely stationary, choice-dependent
states and then transitioned into rotational dynamics after the pres-
entation of the ‘go’ cue (Fig. 3d, jPC planes), similarly to the movement
models (Fig. 1d).

Several features of the PFC trajectories were not reproduced by the
models, including strong condition-independent components?®2%+3>°
(for example, Fig. 3c,d, time plane), choice-related activity along

multiple state-space directions (Fig. 3¢, choice plane), rotational
dynamics within multiple subspaces (Fig. 3¢,d; jPC planes) and rota-
tional dynamics during the decision epoch (Fig. 3c, jPC planes). These
shortcomings, however, are common to allmodels and do not provide
abasis to favor one model as an explanation of PFC responses.

Residual dynamicsin PFC

To better resolve the contributions of recurrent dynamics to the
recorded responses, we characterized residual dynamics in PFC. We
first estimated a ‘dynamics subspace’, contained within the previously
defined aligned subspace (Fig. 4a and Extended Data Figs. 2 and 6-8).
The dimensions of the dynamics subspace were chosen for their ability
to predict ‘future’ residual states from ‘past’ ones but are well aligned
with dimensions explaining task-related variance (Fig. 4a, largest dot
products at small values along the y axis, and Extended Data Figs. 6
and 7). We estimated residual dynamics within the 8-dimensional (8D)
dynamics subspace with the same approach as for the simulated models
(Fig.2e-gand Extended DataFigs. 2,8 and 9). Dimensions orthogonal
to the dynamics subspace were associated with an EV of O—perturba-
tionsalongthese directions are predicted to completely decay within
onetime step.

EVmagnitudes were strongly time dependent (Fig. 4b, all EVs) but
consistently smaller than1(Fig. 4e, largest EV; monkey T: P < 0.005 for
alltimepoints; monkey V: P < 0.01for 43 of 44 timepoints; and P < 0.005
for 410f 44 timepoints; one-sample, single-tailed t-test,n = 8,2 choices
x 4 configurations), implying stable, decaying dynamics. The largest
EVswere associated with decay time constantsin the range 187-745 ms
during the decision period (0 seconds to +0.8 seconds after stimu-
lus onset) and 110-913 ms during the delay period (-0.5 seconds to

Nature Neuroscience | Volume 26 | February 2023 | 326-338

332


http://www.nature.com/natureneuroscience

Article

https://doi.org/10.1038/s41593-022-01230-2

PPC & PFC PPC & PFC € prrc PFC
global dynamics global dynamics local dynamics
125 1 : BV Aigned BV, BV, EVy o ppposs EVEV BV EV
Feedforward T = A T A S
T T3 :
Al O B
= =
S 0751 0000000000000 £y 3 O O
] 1 8 o 45 gogo
() = o il
s 057 . ) 8o Ba
- ' c R
! < : ] : P 2E2¢€
025 7 ; : T 5 »? ! OFOF
o sl ‘ wlleldelee®lls eeee ool 9?0
0 05 1 Mis-aligned Weakly Private Weakly
) shared shared
Time (s)
125 1 EV, Aligned v, BV,  EV, EV, EV, EV, EV,
Feedback ' Oy @
T T -F 2 :
E ; 5
Csch ks :
o o 45
g 051 ‘ g,
i < : I ] T ]
0.25 . [ : [ :
o . : wlleloeleoPeelilely 0ol 100
0 05 1 Mis-aligned Strongly Private Weakly Strongly

Fig.7|Global residual dynamics resolves local and long-range recurrent
contributions. a, Time-varying EV magnitudes of the global residual dynamics
for the example networks in Fig. 6a (top) and Fig. 6d (bottom). Global residuals
are obtained by pooling observations from both areas for a single choice
condition (here, choice1). The EV magnitudes do not reliably distinguish
between the two example networks. b, Alignment (that is, angle) between the
eigenvectors of the global residual dynamics and the choice and time modes

in PPC and PFC for the feedforward (top) and feedback (bottom) networks (see
legend). Eigenvectors are estimated 0.7 seconds after stimulus onset (dashed
linein a). Shared eigenvectors span an angle <90°, with at least one mode in

shared shared shared

each area. Private eigenvectors are strongly aligned with modes that alllieina
single area. The eigenvector alignments distinguish between the two example
networks (top versus bottom). In particular, the eigenvector aligned with the
largest EV (EV,) has alarge projection (small angle) onto both the PPC and PFC
choice mode in the feedback model (bottom) but only onto the PPC choice mode
inthe feedforward model (top). ¢, Analogous to b but for the eigenvectors of the
local residual dynamics (Fig. 6b,e) estimated separately based on PPC or PFC
responses. The alignment of local eigenvectors does not distinguish between the
example networks (top versus bottom).

+0.3 seconds relative to saccade onset) for monkey T (95% confidence
intervals (Cls), medians = 352 msand 293 ms, n = 144, 2 choices x 4 con-
figurations x 9 times; Fig. 4e, top) and 309-1,064 ms and 192-3,586 ms
for monkey V (95% CI, medians = 489 ms and 491 ms, n = 144; Fig. 4e,
bottom). Concurrently with the saccade onset, the largest EV consist-
ently underwentastrong contraction (Fig. 4e;P<3x10°and P<3 x 107
inmonkeys Tand V; H,: largest EV equal at —275 ms versus -5 ms relative
to saccade onset; two-sample, single-tailed ¢-test, n=8). The largest
measured time constants at saccade onset fell to median values of
159 ms in monkey T and 310 ms in monkey V, implying that perturba-
tions away from the average trajectory fall back to the trajectory more
rapidly during movement.

Theresidual dynamics had rotational componentsin bothmonkeys.
In monkey T, the largest rotation frequencies in the residuals (Fig. 4g,
top;=0.5-1Hz) lay in the approximate range of frequencies for rotations
inthe condition averages (Fig. 3¢c,d, values for f). In monkey V, even the
largest rotation frequencies in the residuals (Fig. 4g, bottom, =0.25-
0.5Hz) were smaller than those in the condition averages (0.71-0.84 Hz,
decision epoch; 1.16-1.34 Hz, movement epoch; range across all task
configurations). The largest SV of the residual dynamics exceeded the
magnitude of thelargest EVinboth monkeys (Fig. 4e,f; P< 0.05for 43 of
44 timepointsand 33 of 44 timepointsin monkeys T and V; two-sample,
single-tailed t-test, n = 8),implying that dynamics was weakly non-normal
(Fig. 4h). The largest SVs were mostly smaller than 1in both monkeys
(Fig. 4f; P<0.05 for 41 of 44 timepoints in both monkeys T and V;
one-sample, single-tailed ¢-test, n = 8). The non-normality is, thus, not
sufficiently pronounced to amplify perturbations but, rather, only tran-
siently slows their decay (Fig. 4c, ‘transient persistence’).

These findings rule out several models of recurrent dynamics. In
the decision epoch, the EVs are inconsistent with unstable dynamics

(EV>1;Figs.1cand2e,saddle point) and mostly smaller than expected
for persistent dynamics (EV = 1; Figs. 1c and 2e, line attractor). In the
movement period, the small EVs around saccade onset are inconsist-
ent with purely rotational dynamics or a dynamic attractor, which
would both resultin directions with slower decay (EV = 1; Figs. 1d and
2e, rotations and dynamic attractor). Around saccade onset (-200 ms
to +200 ms from onset), the largest EV magnitude (0.80 and 0.88
in monkeys T and V; mean, n = 8) and the largest rotation frequency
(0.74 Hz and 0.33 Hz in monkeys T and V; mean, n=8) imply that per-
turbations decay by at least 50% within every 1/10th (monkey T) and
1/12th (monkey V) of arotational cycle. During the same time window,
the condition-averaged trajectories undergo about 1/4th of a rota-
tional cycle without obvious decay. The quickly decaying residual
dynamics, and the mismatch between its properties and those of the
condition-averaged trajectories, are consistent with a strong input
drive (Figs.1d and 2e, point attractor).

Alignment of residual dynamics and neural trajectories
Additionalinsightsinto how recurrentdynamics and inputs contribute
tothe observed activity can be gained by analyzing the inferred eigen-
vectors of the residual dynamics. When inputs are weak, the trajectories
mostly reflect the properties of the recurrent dynamics, which, inturn,
results in distinct relations between trajectories and eigenvectors.
Weillustrate such relations in two models, obtained by augment-
ing the line attractor and rotation models (Fig. 1c,d) with two new
dimensions, along which recurrent dynamics was quickly decaying
and input drive was strong and condition independent. We defined
activity subspaces as in Fig. 3 (Fig. 5a,c) and analyzed how they align
with the eigenvectors of the residual dynamics. For the augmented
line attractor model, the choice planeis preferentially aligned (angle
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Fig. 8| Residual dynamics explains the effects of targeted causal
perturbations. Simulated responses to brief perturbations for the two example
networks in Figs. 6 and 7 (small circles) are compared to predictions based on
residual dynamics (a-c and d-f: network without and with feedback between
areas). Perturbations are applied locally in each area, along the choice or time
mode (green and purple circles) at one of six times in the trial (the first point

of eachcurveinb,cand e f). Predictions are based either on the local residual
dynamics in the simulated area (gray curves; b,e: PPC; c,f: PFC) or on the global
residual dynamics (black curves). a, Schematic of the location and type of
perturbations shown in b and c for the network without feedback. b, Simulated
responses in PPC for perturbations in PPC (top) or PFC (bottom) along the

respective choice (left) and time (right) modes compared to the corresponding
predictions based onlocal PPC residual dynamics (gray) or global residual
dynamics (black). The norm of the population response (y axis) is shown
against time in the trial (x axis). The last two points on each curve correspond
to responses for the two time steps after the offset of each perturbation.

¢, Analogous to b but for responses in PFC. d-f, Analogous to a-c but for the
network with feedback. Predictions based on the global, but not the local,
residual dynamics capture the qualitative features of the simulated responses
to perturbations—that s, decay (c, bottom left), expansion (c, top left) and dip
(decay followed by expansion; e, top left).

close to 0) with eigenvectors associated with large EV magnitudes
(Fig. 5b, top), as slow dynamics along these eigenvectors underlies
the observed choice-related activity. For the augmented rotations
model, the jPC,, planeis preferentially aligned with the eigenvectors
associated with large rotational frequencies (Fig. 5d, top), as these
eigenvectors underlie the rotational activity in the jPC,, plane. Criti-
cally, the augmented subspaces are not preferentially aligned with the
slow or rotational eigenvectors, as activity within themis mostly input
driven. We summarize these relations with alinear regression analysis,
whereby negative regression coefficients identify planes where slow or
rotational recurrent dynamics may contribute to the observed trajec-
tories (Fig. 5b,d, bottom; regression with EV magnitude or rotational
frequency). Theaugmented, input-driven subspacesinthe modelsare,
instead, aligned with fast or weakly rotational eigenvectors, resulting
in positive regression coefficients (Fig. 5b,d, bottom). Such positive

coefficients are a trivial consequence of the low dimensionality of
these models (for example, mis-alignment with the choice plane nec-
essarily implies alignment with the time plane) and need not occurin
PFC dynamics.

We applied this analysis to PFC responses and found significant,
negative coefficients primarily in the decision epoch, whereby planes
containing choice-related activity were aligned with slow residual
dynamicsin monkeys T and V (Fig. 5f, choice and jPC,, planes; Fig. 5e,
top), and rotational residual dynamics was aligned with planes contain-
ing condition-independent activity inmonkey T (Fig. 5f, top, time and
jPC,planes; Fig. 5e, bottom). Coefficients inthe movement epoch were
mostly very small or not significant (Fig. 5f). These relations suggest
thatrecurrent dynamics contributes to observed choice-related activ-
ity (inboth monkeys) and condition-independent activity (in monkey T)
butonly during the decision period. Activity at the time of the saccade
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appears more consistent with the influence of a strong input drive'®,
aswealso concluded based on the quickly decaying residual dynamics
inthis epoch (Fig. 4e).

Resolving local and long-range recurrence

Residual dynamics withinanarea canreveal key functional properties
ofthe recurrent dynamics contributing to measured population activ-
ity but cannot distinguish local and upstream recurrent contributions
(Fig.1b and Extended Data Fig. 4). Below, we show in simulations how
such contributions could be distinguished with ‘global’ recordings
from multiple areas or by combining local recordings and causal per-
turbations (Fig. 7).

We simulated activity in RNNs composed of two areas (posterior
parietal cortex (PPC) and PFC; Fig. 6), characterized by local recurrence
withinareas and long-range connections between areas™. In the RNNs,
PPCis upstream of PFC, as it alone receives an input with temporally
uncorrelated variability (Fig. 1b, simple input) that directly encodes
the external stimulus. Local recurrenceis equally stronginboth areas.
When present, feedback connections from PFC to PPC have equal
strength as the feedforward connections.

Simulated model responsesin a perceptual decision-making task
have choice-dependent and condition-independent components in
both areas (Fig. 6a,d, choice and time modes). The EVs of the residual
dynamics, estimated locally in PPC or PFC, are typically time depend-
ent (Fig. 6b,e), asthe RNNs are non-linear. In particular, dynamics can
change fromstable (EV <1) tounstable (EV > 1) after onset of the exter-
nalinputto PPC. We summarize the residual dynamicsin each areawith
the peak magnitude of the EV along the corresponding choice modes
(Fig. 6¢,f). The choice modes define the ‘communication subspace’
between PPC and PFC in these networks®***,

The simulations show that very different combinations of local
and long-range connectivity can result in responses that are virtually
indistinguishable based on condition averages (Fig. 6a,d) and residual
dynamics (Fig. 6b,e) computed locally. In networks with a weak feedfor-
ward connection from PPC to PFC, and no feedback from PFC, the local
residual dynamics depends only (PPC) or mostly (PFC) onthe strength
ofthelocalrecurrence, whereby the largest EV gradually increases with
stronger local recurrent connectivity (Fig. 6¢). In networks with strong
feedback from PFC, the local residual dynamics in both areas instead
reflects the combined effects of local recurrence and long-range con-
nectivity (Fig. 6f).

The simulations alsoreiterate the finding that residual dynamics
can reflect recurrent computations occurring in an upstream area
(Fig. 1b). In the example network with feedforward connectivity, we
simulated PFCresponses after ‘shuffling’ the output of PPC to remove
any temporal correlations (& =0 in Fig. 1b) while retaining its
time-varying mean. In this setting, the EVs estimated in PFC fall below
1(Fig. 6b, PFC, dashed), indicating that local recurrent dynamics in PFC
(Fiocais Fig. 1b) is actually decaying in these networks. We refer to this
effectasan‘inflation’ ofthe EVin PFC, due to the correlated input from
PPC (Extended Data Figs. 4 and 5).

Local and long-range recurrent contributions can, however, be
resolved by the global residual dynamics, estimated from the concur-
rent, pooled responses from PPC and PFC. We compared global residual
dynamics for the two example networks in Fig. 6a,d at the level of the
inferred EV (Fig. 7a) and the corresponding eigenvectors (Fig. 7b). The
EV magnitudes cannot distinguish between the two networks, with
one EVunstable (EV >1), one persistent (EV = 1) and the others decay-
ing (EV <1) (Fig. 7a) in both networks. The number of global EVs does
not robustly distinguish between networks, as it reflects a somewhat
arbitrary cutoffinthe dimensionstoinclude in the dynamics subspace
(excluded dimensions effectively have EV = 0). The eigenvectors of the
global residual dynamics, instead, distinguish the two networks. Eigen-
vectors can be qualitatively categorized as being ‘shared’ across areas
or ‘private’ to an area, depending on whether they have substantial

projections (thatis, angle <90°) onto choice and time modes (Fig. 7b)
in both areas (shared) or only a single area (private). Both networks
result in two eigenvectors that are at least partially shared with the
choice modesin the two areas, but the relative projections onto each
area vary across networks—the two eigenvectors are only ‘weakly’
shared across areasin the feedforward network, whereas they are more
‘strongly’ shared in the feedback network (Fig. 7b, top versus bottom).
Notably, these differences are not reflected in the eigenvectors of the
local residual dynamics (Fig. 7c, top versus bottom).

Validating residual dynamics with causal perturbations
Estimates of residual dynamics, which describe the evolution of ‘natu-
ral’ perturbations (Extended Data Fig. 1a), provide predictions of the
consequences of ‘causal’ perturbations of the recorded neural popula-
tion'**? Weillustrate such predictions for local perturbations applied
toPPCor PFCinthe example two-areanetworks (Fig. 8). We simulated
perturbations by ‘injecting’ an activity pattern corresponding to the
choicemode or thetime mode in one area. We applied a brief perturba-
tion at one of six different times after stimulus onset and let the activity
evolve under the influence of therecurrent dynamics and theinput. The
effect of agiven perturbation is summarized as the time-varying norm
of'the populationactivity in PPC and PFC for a brief time window after
theonset of the perturbation, averaged over many trials (Fig. 8b,c,e,f;
agroup of three connected points). We compared these simulated
perturbations (Fig. 8, dots) to predictions based on the inferred global
and local residual dynamics (Fig. 8, black and gray curves).

The effects of perturbations depend on the area where they are
applied (Fig. 8, top versus bottom row in each panel), the perturbed
mode (Fig. 8, green: choice; purple: time) and the time within the
trial (Fig. 8b,c,e,f, x axis) and vary across the two example networks
(Fig.8a—cversus Fig. 8d-f). Depending on these factors, activity after
a perturbation can be expanding, decaying or showing a brief dip
(Fig. 8, see labeled examples). This simulated activity is mostly cap-
tured, at least qualitatively, by the global predictions (Fig. 8, dots
versus black curves). Qualitative mistakes in the global predictions
occur primarily for components of the activity that are very small, like
activity in PPC in the feedforward network after a PFC perturbation
(Fig. 8b, bottom). Overall, the local predictions fare worse (Fig. 8b,c,e,f,
global: black, R?= 0.97; local: gray, R*=0.93). For example, the decay
after perturbations of the PFC choice mode inthe feedforward network
are captured by the global prediction but not the local prediction
(Fig. 8c, bottom left). The erroneous local prediction is expanding
atlate trial times, a reflection of the inflation of local EV in PFC in this
network (Fig. 6b, PFC, dots versus dashed). In the feedback network,
PPCand PFC perturbations along the choice mode lead toadip inactiv-
ityinthe perturbed area (Fig. 8e, top left, and Fig. 8f, bottom left) and
to expanding activity in the non-perturbed area (Fig. 8f, top left, and
Fig.8e,bottom left). These dependencies are qualitatively captured by
the global predictions but not the local predictions. The observed dips
reflect the existence of aglobal, shared unstable direction, whichlocal
residual dynamics cannot adequately capture (Extended DataFig. 10).

Discussion
The properties of residual responses provide insights into the nature of
recurrent computations underlying neural population dynamics. Our
analysis of residual dynamics extends previous work that leveraged
trial-by-trial variability to understand neural computations®*?>*2*** by
providing afull, quantitative description of the time-varying dynamics
of population-level, trial-by-trial variability. Our approach can cap-
ture dynamics that are globally non-linear’ through a series of local
approximations capable of resolving differences in dynamics across
state-space locations and time.

Response residuals are computed by discounting the compo-
nent of neural responses that is repeatable across trials of a given
task condition and can, therefore, be explained with more easily
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interpretable models than previous descriptions of the full single-trial
neural response®”’. Discounting this component does not necessarily
remove all sources of external inputs into the recorded area (Fig. 1a),
implying that residual dynamics in a single area may not reflect only
thelocal recurrence in the recorded area. Instead, residual dynamics
reflects the combined effects of local recurrence and recurrent dynam-
ics unfolding within the output space of upstream areas that provide
aninputtotherecorded area (Figs.1band 6 and Extended DataFig. 4).

The contributions fromlocal and long-range recurrence to neural
responses canbe distinguished by inferring the global residual dynam-
ics, based on recordings from the entire network of interconnected
areas (Fig. 7). The resulting description of dynamicsin terms of modes
(that is, eigenvectors) that are shared across areas*, or private to a
single area, relates to previously identified communication subspaces
and nullsubspaces between areas™***"*2, Global residual dynamics goes
beyond a static description of such subspaces, as it captures also the
dynamics of responses resulting from unidirectional or bidirectional
communicationbetween areas. In particular, global residual dynamics
leads to fine-grained predictions of the consequences of small causal
perturbations that probe the intrinsic manifold explored by the neural
variability***° (Fig. 8).

Our local estimates of PFC residual dynamics provide constraints
onthe properties of recurrent dynamicsimplemented by therecorded
PFC population and its contributions to decision-making and move-
ment generation. The largest estimated time constants provide an
upper bound onthe time constants of the local recurrent dynamicsin
PFC (Fig. 4e;322 msand 503 msin monkeys T and V; medians, n = 352:
2 choices x 4 configurations x 44 times in trial), as any upstream con-
tribution to PFC responses would typically inflate these estimates
(Fig. 6b and Extended Data Figs. 4 and 5). Recurrent dynamics in PFC
is, thus, slow”*** but stable throughout the decision and movement
epochs. This finding does not rule out that the decision process leading
to the monkeys’ choices involves unstable or line attractor dynamics
(Fig. 1c), but those dynamics would have to unfold in areas upstream
of PFC* and at least partly outside their communication subspace
with PFC.

The estimated time constants would reflect the dynamics of the
decision processifthat process unfolded either in PFC alone or within
its communication subspace with other areas (as for all networks in
Fig. 6).Insuchscenarios, our estimatesimply leaky evidence accumu-
lation (Fig. 1c, point attractor), whereby late evidence affects choice
more strongly thanearly evidence. In practice, though, monkeys often
terminate evidence accumulation early in the trial, when a decision
threshold is reached*®, which would reduce the behavioral effects of
leaks in the accumulation. Notably, a recent study hypothesized that
the termination of evidence accumulation coincides with the onset
of rotational dynamicsin PFC”. In our study, condition-independent,
rotational dynamics during the decision epoch also stands out, as in
monkey Titis thecomponent of the recorded activity that canbe best
explained as resulting fromrecurrent computations (Fig. 5). Irrespec-
tive of the possible contributions of PFC to the process underlying the
monkeys’ choices, this finding may be indicative of abroader role for
PFCingoverning transitions between cognitive states”**—for example,
the transition from an uncommitted to acommitted state.

Around the time of the saccade, PFC residual dynamics s quickly
decaying, largely non-rotational and only weakly non-normal, imply-
ing that PFC does not implement rotational dynamics™¢, dynamic
attractors” or strongly non-normal*® recurrent dynamics of the kind
previously proposed to explain movement activity in motor cortex.
Rotational dynamics and dynamic attractors are also unlikely to be
implemented in an upstream area driving PFC movement responses
through acommunication subspace, because the signatures of those
dynamics would thenalso appearin PFCresiduals (Fig. 6 and Extended
Data Fig. 4). Strong non-normal dynamics in an upstream area, how-
ever, could possibly explain the observed PFC responses. Non-normal

systems can generate large activity transients that project only weakly
onto the activity subspace containing the slowest dynamics. If the
output from such an upstream areawas partially aligned with the activ-
ity transients, but orthogonal to the slow dynamics, it could possibly
drive strong ‘input-driven’ movement-related activity in PFC without
revealing the signatures of the strongly non-normal dynamics that
created it. Alternatively, the mismatch between average trajectories
and residuals in the movement epoch could reflect a failure in our
estimation procedure. For one, estimates of residual dynamics become
biased when trial-by-trial variability is too small, which, however, does
notseemto be the case in our data (Extended Data Fig. 9). For another,
dynamics during movement may be strongly non-linear and, thus,
not well approximated by our local linear description (Extended Data
Fig.1).Inbothscenarios, our estimated dynamics would not providea
good description of the true dynamics.

Finally, residual dynamics may provide insightsinto more general
biological constraints at play in the underlying neural circuits. The
inferred EVs are smaller than but close to1during the decision epoch,
consistent with circuits operating near a critical regime, resultingin
large variability and sensitivity to inputs*®®°-*2, Single-neuron vari-
ability is transiently reduced at the time of stimulus and movement
onset (Extended Data Fig. 7), potentially reflecting the widespread
quenching of variability in response to task events®"**, Near-critical
dynamics, non-normality and variability quenching emerge naturally
in balanced excitation-inhibition (E-I) networks®**, A disruption of
E-Ibalance by the onset of aninput could lead to contracting dynam-
icsand reduced variability. In our PFC recordings, reduced variability
coincides with contracting dynamics at movement onset but not at
stimulus onset (Extended Data Fig. 7). This finding suggests that
current models of E-I networks®*** may have to be adapted to fully
capture theinteractions of internal dynamics, inputs and variability
that we observed in PFC.

Online content

Any methods, additional references, Nature Portfolio reporting sum-
maries, source data, extended data, supplementary information,
acknowledgements, peer review information; details of author contri-
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Methods

Experimental procedures

All surgical, behavioral and animal care procedures complied with
National Institutes of Health guidelines and were approved by the
Stanford University Institutional Animal Care and Use Committee.

Behavioral task

Two adult male rhesus macaque monkeys (monkey T: 14 kg, monkey V:
11 kg) discriminated the direction of motion of a random dot motion
kinetogram and reported their choice by saccades to one of two choice
targets® (Fig. 3a). Visual stimuli were presented on a cathode ray tube
monitor (viewing distance = 57 cm, frame rate =120 Hz) controlled by
a VSG graphics card (Cambridge Graphics). Each trial began with the
appearance of asmall spot requiring fixation for a duration of 500 ms
(x1.5°visual angle, fixation window). Eye position was measured witha
scleral search coil (CNC Engineering). The fixation period was followed
by the appearance of two saccade targets (eccentricity 6-18°; angular
locations varied across recording sessions). After a400-ms delay, the
random dot stimulus was presented centered on the fixation point
(circular aperture diameter: 7°/6°, monkey T/V) for a fixed duration
of 800 ms (decision epoch). The percentage of dots moving coher-
ently in the same direction (motion coherency) controlled the task
difficulty and was chosen randomly on each trial from a fixed set of
values. The decision epoch was followed by adelay period (norandom
dots; only fixation point and saccade targets visible) of variable dura-
tion (300-1,100 ms, mean = 700 ms). Saccades were initiated after a
‘g0’ cue (disappearance of fixation point at end of the delay), followed
bya‘hold’ period (500-1,200 ms, mean 900 ms) requiring fixation on
the target (+2-4° fixation window, depending on eccentricity). At the
end of the hold period, both targets disappeared, and a liquid reward
was dispensed for correct trials (0% motion coherence trials rewarded
atrandom).

Neural recordings

Single and multi-unit neural activity was recorded in the left cer-
ebral hemisphere of both monkeys using surgically implanted®’,
multi-channel electrode arrays (Blackrock Microsystems) (96 elec-
trodes; length =1.5 mm; spacing = 0.4 mm) in the pre-arcuate gyrus
(Brodmann’s area 8Ar) between the posterior end of the principal
sulcus and the anterior bank of the arcuate sulcus (Fig. 3b). Array signals
were amplified with respect to a common subdural ground, filtered
and digitized before spike sorting. For each electrode, spikes from the
entire duration of arecording session were sorted and clustered offline
(Plexon) based on a principal component analysis of voltage wave-
forms. Candidate action potential classifications for each electrode
were subject to additional quality controls, including considerations
of waveform shape, waveformreproducibility, inter-spike interval sta-
tistics and the overall firing rate. Spike sorting yielded approximately
100-200 single and multi-unit clusters distributed across the array
in each recording session. The term ‘units’ collectively refers to both
isolated single units and putative multi-units.

Data pre-processing

We consider neural data in two non-overlapping time epochs of the
trial: -200 ms to +1,000 ms relative to random dots onset or =700 ms to
+500 ms relative to movement (saccade) onset. Ineach recording ses-
sion, weremoved ‘silent’ units that had an average firing rate (computed
acrossall trials and timepoints) of <1 Hz. For unknown reasons, in most
sessions the neural data exhibited abrupt synchronous changesin the
overall firing rate of many units locked to specific trial indices in the
session. We automatically identified these putative ‘change points’and
used them to split each recording session into shorter ‘experiments’
(total number of experiments = 164/80 from 81/76 separate recording
sessions, resultingin 58,187/34,451 trialsin monkey T/V), within which
the overall firing rate was stationary. Experiments with fewer than 200

trials were excluded from further analysis. We also removed units that
exhibited strong discontinuities in their temporally averaged firing
rate across trials, within every experiment. Square-root-transformed
binned spike counts* were computed for each unitin non-overlapping
time bins (45 ms long; Extended Data Fig. 9).

Datafrom each experiment were assigned to one of four different
‘task configurations’based on the coarse angular positions of the two
choicetargets (Extended DataFig. 6a). Eachtrial was categorized either
asachoicelorachoice2trial depending ontheselected target.Inthree
out of four task configurations, choice 1 corresponds to saccades to
the contralateral visual hemifield (blue targets; Extended Data Fig. 6a).
For each experiment, we computed the percentage of responses to the
choice 1target as a function of signed motion coherence and fitted a
logistic sigmoidal curve to all theresulting data points that came from
the same task configuration (Extended Data Fig. 6b).

Overview of the analysis

Assuming simple inputs (see main text and Fig. 1b), an analysis of
response residuals can reveal the properties of recurrent dynamics
F(.), even when input u, is unknown (Eq. 1). Henceforth, for simple
inputs, we assume (without loss of generality) that the input equals the
inputdrive (u,= a,,u, defined as input drivein the main text; Fig. 1band
Supplementary Methods), whereby the uncorrelated input latent noise
is implicitly included within the latent noise (¢,) in Eq. (1). The instan-
taneous change in the single-trial state on trial k at time tis given by:

Z¥=F(z)+u +e 2)

Likewise, we assume that the instantaneous change in the average
state across trials (denoted by (.)) can be written as:

() =F(zZ) +u, 3

The equality in the above equation follows from Eq. 2 (as e, is

zero-mean), inparticularif Fislocally linear. The average state and the

k™ single-trial state are approximated by the following discretized
updates:

(Zer1) = (20 + AL (F((Z) + up) 4)

7k

Ki=zh A (F(Z) +u +e) )

The dynamics of the residual vector z on the k™ trial is obtained

as:
Z5, — (Zo1) = 2 — ) +AC- (F(2) - F (@) + €) )
T _:;5_/

t+1

Therefore, the temporal evolution of the residuals is itself gov-
erned by a differential equation, expressed in terms of the single-trial
dynamics as:

z, =

residual flow

(F(Zf) +u) — (F(zp)+u) +e€ )
Q
neffective” flowatzk  effective’ flow at(z,)

Grouping and rearranging terms of Eq. 6, we obtain:

F(z) - F(@) + € = F (@) + ) - F (@) + € ®)

Afirst-order Taylor expansion of the first term on the right-hand
side of Eq. 8 resultsin:

F((z;) + 2¥) = F((Z)) + VF|5,, -Z¥ + higher order terms
=)
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Ignoring second and higher order terms, and re-expressing Eq. 6
using Egs.8and 9, yields adiscrete-time, time-varying, linear dynamical
system at the level of the residuals:

Z =7+ AL.(Z + €)

( ) (10)
=|1+At); |Z, + Ate,

=A,

The time-varying ‘dynamics matrix’ (A,) maps residuals from time
ttot+1and is directly related to the Jacobian (J,) of the underlying
dynamical system, computed at each state along the average trajectory.
Critically, u,does not appear in Eq. (10), meaning that, for simpleinputs
(Fig. 1b) and instantaneous noise ¢, the residual dynamics A, reflects
only therecurrentdynamics. The corresponding analytical derivations
forthe complexinput regime (Fig.1b) are considered in Supplementary
Math Note B.

Residuals obtained from neural population spike counts are mod-
eled usingalatent-variable, autonomous, linear, time-varying dynami-
cal system as described below:

Xes1 = AX; + € an
Z, =Cx +n,

where X, is a low-dimensional, latent residual state with dynamics
determined by A, (Eqgs. (10) and (11)) and is mapped linearly through an
‘observation matrix’ (C), resultingin observed residuals z,. ¢,and n,are
‘latent’ and ‘observation’ Gaussian noise processes. The subspace
spanned by the columns of C, termed the ‘dynamics subspace’ (later
denoted by U,,; Extended Data Fig. 2), contains the dynamically rele-
vantportion of response variability (trial-by-trial variability along any
dimension within it covaries with variability along the same or other
dimensions at later times). The observations z, could, in principle,
directly correspond to the neural spike count residuals (Extended Data
Fig. 7). However, in most of our analyses, they correspond to a
low-dimensional projection of neural spike count residuals, obtained
by aligning neural data across multiple experiments (Extended Data
Fig.2).

Linear, time-varying latent dynamics (Eq. (11)) make exact
probabilistic inference intractable, requiring approximate inference
techniques®*®. We estimate parameters C and A, using an alterna-
tive approach, combining subspace system identification (SSID) the-
ory****% (Supplementary Math Note A) and instrumental variable (IV)
regression***’. For PFC responses, the amount of variance explained
by the inferred dynamics appear to be limited primarily by the large
contribution of (unpredictable) observation noise (see below, ‘Qualita-
tive estimates of goodness of fit’).

Neural data analysis pipeline

We developed a dataanalysis pipeline (Extended DataFig.2) to estimate
the dynamics subspace (Uy,,) and the residual dynamics (A,) in four
steps: (1) aligning neural responses across different experiments (ses-
sionalignment); (2) using aligned residuals pooled across experiments
to estimate the dynamics subspace (dynamics subspace estimation);
(3) using aligned residuals and the dynamics subspace to estimate the
latent residual state x, (residual latent state estimation); and (4) com-
biningthe outputs of the previous three steps to estimate the residual
dynamics A, (time-varying dynamics estimation). We used SSID in step
(2) and two-stage least squares (2SLS) based on instrumental variables
for steps (3) and (4).

Session alignment. We aligned condition-averaged neural activity
from different experiments (Extended DataFig.2, step1) toimprove the
statistical power of our analyses, assuming that neural population activ-
ity indifferent experiments corresponds to different high-dimensional

readouts of a fixed set of low-dimensional activity patterns®. A full
example of the results of the alignment procedure applied to neu-
ral data from a single task configuration in one monkey is shown in
Extended Data Fig. 6¢c-g.

We constructed (separately for each task configuration) a block
condition average matrix (Yju,.) by concatenating, row-wise, the
trial-averaged, neural-population-binned spike counts (Y;) of each
experiment:

Y,

=USV

onint = (12)

Yp

where Y;isa N; x (T,; x C)data matrix (mean centered; u;= subtracted
row means, N;=number of units for experiment i; T,, = total number of
time bins in the decision and movement epochs; C = total number of
conditions; P=total number of experiments to be aligned) computed
by averaging single-trial trajectories, sorted into two choice conditions
(C=2,choicelorchoice2).

The singular value decomposition (SVD) of Yj,;, resulted in a
matrix of left singular vectors (U in Eq. 12), block-structured, of size
ZLI N; x (Tay % C), represented as:

142 T.C
ul u?
1.2 T.C
w vl ul

U= 13)
ul u? ... ulc

P

where “I, is the left singular ‘sub-vector’ (size N;x1) corresponding to
modejinexperimenti. The aligned coordinate basis, defined as matrix
UiM(size N;xM) for experiment i, corresponds to the first M orthogonal-
ized columns (QR decomposition) of the i block row of U.

The M-dimensional, aligned single-trial response zi(k), at time ton
trial kin experiment i, is obtained as:

(k) = Uy (v: (K) - i) (14)
where y: (k)is the corresponding neural spike count population vector
(size N;x1). This procedureresulted in Paligned single-trial data matri-
cesZ'(i=1,2,..., P), each of size MxT,;xK;, where K; is the number of
trialsin experimenti.

We inspected the cumulative amount of variance explained in the
condition-averaged data matrix Y;as afunction of M, by progressively
retaining alarger number of columns for constructing UifM. Thefraction
of variance explained by M aligned modes in experiment i is given by:

(l— var (Y,—U‘?’-M .U‘?:M ’.Y,v) ) 15)

var(Y;)

For all subsequent analyses, we chose M = 20 (Extended Data
Fig. 6¢). We visualized each of the 20 aligned activity modes, obtained
for experimentiby projecting Y;into Ufzo, eitherindividually for each
experiment (Extended Data Fig. 6e) or by averaging across experiments
(Extended DataFig. 6d).

Toevaluate the efficacy of alignment, we computed a correlation
coefficient Corr (< zza) >, <z, >)for any given pair of aligned modes
(indexed by a,b, where a,b € {1,2,..,20}) across all possible pairs of
experiments (indexed by i and ), where < Z ;) > (size 1x(T,xC)) is the
trial-averaged activity time course (for both choices) of the a™ aligned
modein experimenti. We then computed the median correlation coef-
ficient across all pairs of dissimilar experiments (i # ) for each pair of
modes and visualized the resulting correlation matrix. The median
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correlation coefficient matrix (Extended Data Fig. 6g) displayed large
values along the diagonal and almost zero values along the
off-diagonals, indicating that the aligned time courses were much more
similar across sessions than across modes.

Dynamics subspace estimation. We estimated the dynamics sub-
space (Extended Data Fig. 2, step 2) using residuals computed in the
20D space of aligned activity patterns. The dynamics subspace was
estimated using SSID, whichis based on the idea of finding ‘temporally
predictive’ directions in state space®® (Supplementary Math Note A).
We adapted existing SSID methods for linear time-invariant systems,
to make them suitable for linear time-varying dynamics (Eq. 11).

To compute residuals, we redefined conditions separately for the
two task epochs (decision/movement). For the decision epoch, we
defined conditions based on choice and motion strength (2 choices x
4-8 coherencies = 8-16 conditions; number of distinct motion coher-
encies varied across different experiments). For the movement epoch,
we defined conditions based on choice and the length of the delay
period preceding the ‘go’ cue, by sortingtrialsin each experimentinto
five different groups based on the length of the delay period (bin
boundaries = [0 0.4 0.6 0.8 1.0 1.5]s). To ensure minimal overlap
between the decision and movement epochs, we excluded all trials
with delay lengths <400 ms. For the movement epoch, we obtained a
total of eight conditions in monkey T (2 choices x 4 delay length bins)
andsix conditionsinmonkey V (2 choices x 3 delay length bins; no trials
in monkey V had delays >1second) across all experiments. For each
condition, we subtracted from the aligned single-trial trajectories (Z°)
the corresponding condition-averaged trajectory, which ultimately
resultedin Paligned residual datamatrices Zi(i=1,2, ..., P; each of size
20xT,,xK;) for each experiment i. We then sorted trials ineach Zbased
on choice (choice 1 or choice 2) and pooled them across the P experi-
ments, resulting in two, choice-dependent, ‘pooled’ residual data
matrices, Zihoice=1;aNd Zipoice=2;- All subsequent procedures were car-
ried out separately on Z, ice—1 aNd Zichoice=2)- FOT sake of convenience,
below we drop the subscripts unless otherwise indicated.

Based on SSID theory, we constructed asequence of time-varying,
future-past Hankel covariance matrices (H,) using temporally win-
dowed chunks of Z centered at time ¢t (Supplementary Math Note A,
Equation S14). Specifically, we assigned trialsin Zto two random halves
(labeled ‘train’ and ‘test’) and constructed two distinct, corresponding
Hankel matrices H"*"and H**, at each time ¢. The order of the Hankel
matrix (given by gin Equation S14, Supplementary Math Note A), which
determines the number of ‘future’ and ‘past’ lags of Z to use for con-
structingH,, isset to 5. Increasing gbeyond 5 did not change the results
of our analyses. We obtained the r-rank approximation of H¥a"
(Extended DataFig. 2, step 2) by using ahard-thresholding of its singu-
lar values:

train Ut’ﬂlﬂ Sfﬂlln Vtram/

2G) 6 26 T L0 @6)
where U"(”’)"and V””’)"are matrices whose columns are the first rleftand
right singular vectors of H™%", respectively. Similarly, S"‘")"IS adiagonal
matrix, with diagonal entries corresponding to the first r singular
values. We then computed atemporally averaged, Hankel matrix recon-
struction error with respect to the full rank Hankel matrix computed
using the ‘test’ trials:

T—g+1

2
test Htram

L e )

Epankel =

T-2g+1 t=q+1

where ||.| - is the matrix Frobenius norm, and T is the total number of
timebinsin Zfor aspecific task epoch (either decision or movement).
We computed £y, Using 20 different random splits of Z into ‘train’
and ‘test’ halves, for different values of the Hankel rank (r). The average
reconstruction error (over 20 repeats) was plotted as a function of r

(Extended Data Fig. 8a), and the optimal rank (r,,) was determined as
the smallest value of rfor which £, was no larger than one standard
error above the minimum £, (1 standard error rule’). Thus, we
obtained asingle value of r,,, for each task epoch and choice condition.
Although a single r,,, (determined across all times in an epoch) may
overestimate/underestimate the optimal rank at a specific time ¢, we
found that using an r,,, deemed optimal at each time t also yielded
similar results.

Next, we used the above estimate of r,,,and the aligned residuals
to define observability matrices, which were eventually used to esti-
mate the dynamics subspace. For the subsequent steps of the pipeline,
we used a five-fold cross-validation approach. Time-varying Hankel
matrices (H,) were computed using Z2(composed of 4/5th of all trials
in Z) and subjected to an SVD. The resulting, first r,, left singular vectors
and SVs were used to define a time-dependent observability matrix O,
(Equation S18, Supplementary Math Note A):

0, = U[,(rup[)'(st,(rop[))% 1s)
where 0, is ablock matrix of size (M x q) x r,,; ¢ =5 is the order of the
Hankel matrix; and M =20 is the dimensionality of the aligned space.
AsinSSID for time-invariant dynamical systems, the first block row of
0, specifies the momentary dynamics subspace at time ¢, given by the
first Mrows of &,

¢ =6,0:M,) 19)

To define a single time-invariant dynamics subspace as in our
model (Eq. 11), from the sequence €, we constructed a matrix C,; by
concatenating, column-wise, the momentary dynamics subspaces €,
for all t across both task epochs (decision and movement) and both
choices (choice1or choice 2)

~ de,1 ~de,l mo,1 ~mo,l
Can = (€l €t Cmot ol
(20
de,2 ~de,2 mo,2 ~mo,2
cior 02 Gz )

where €/and €/"”are the momentary dynamics subspaces for choice
Jj(j=1or2),attime tin the decision (de) and movement (mo) epochs.
T..and T,,arethe totalnumber of timebins in the decisionand move-
ment epochs. The left singular vectors of C,;, by definition, span the
union of the columnspaces of all €, (across time, task epochs and choice
conditions) and, therefore, specify atime-invariant dynamics subspace
sharedacross time, task epochs and choices. We denote theleft singular
vectors of C;; by Uy, whichis an orthonormal matrix of size MxM. The
M columns of U, are ordered in terms of their relativeimportance in
capturing temporally correlated variability in the residuals resulting
from the underlying dynamics (Fig. 4a and Extended Data Fig. 6f). In
practice, only an ordered subset of the columns of U, is sufficient to
capture residual dynamics across choices and task epochs (using more
columns than necessary leads to over-fitting). Accordingly, the number
of columns of U, thatareretained corresponds to a hyper-parameter
(denoted by d) that determines the dimensionality of the residual
dynamics (A, Eq. 11). We determine the optimal value of d (denoted as
d,,,) using cross-validation in the next step of the pipeline (Extended
Data Fig. 8). The first d,,, columns of U, (Fig. 4a and Extended Data
Fig. 6f), therefore, correspond to the estimate of the observation
matrix of our model (C; Eq. 11).

Overview of 2SLS. Next, we estimate the latent residual state (x,, Eq. 11;
Extended Data Fig. 2, step 3) and the time-varying residual dynamics
(A, Eq. 11; Extended Data Fig. 2, step 4) using a 2SLS approach based
oninstrumental variable regression.

First, we obtained a d-dimensional, noisy estimate of the latent
residual state attime¢, for each trial kinthe training fold, by projecting
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the corresponding observed residual (279" (k)) into a d-dimensional
dynamics subspace:

xtram(k) _ (Ud )r tmm(k) (21)

where U¢ arethefirstdcolumnsofU,,, (estimatedinstep2 usingonly
‘train’ trials, Z<m), Such a projection does not entirely eliminate the
observation noise present in " specifically, observation noise lying
within the column space of Ugyn corrupts x,. Therefore, if one were to
directly estimate residual dynamics (A,) using ordinary least squares
(OLS) by regressing x,against x,,(as suggested by Eq. 11), the resulting
estimates would be biased and inconsistent (Extended Data Fig. 3d).
This is commonly referred to as the ‘error-in-variables’ problem”, in
which components of observation noise corrupting x, act as a con-
founding variable, resulting in an attenuation biasin OLS estimates of
A, (Extended Data Fig. 3d). Such biases would complicate theinterpre-
tation of the EV/SV spectrum of A, which are crucial for drawing con-
clusions about underlying computations.

Therefore, we instead use an instrumental variable regression
approach, commonly used to help mitigate the deleterious effects of
confounding variables for causal inference®, whichrelies on two sepa-
rate least-squares regressions performedin two stages (2SLS). Two key
assumptions underly the validity of this approach: (1) dynamics is
considered Markovian, and (2) observation noise is considered tem-
porally uncorrelated. In the first stage, we regress the noisy, latent
residual stateattime ¢ (x,) againstits past/lags,[X,_;, X,_, ... X.;} These
lagged variables, known as ‘instruments’ (their validity subject to the
above two assumptions), are, therefore, used to construct a denoised
prediction of the latent residual state at time ¢ (Extended Data Fig. 2,
step 3). In the second stage, the noisy, latent residual state at time ¢+1
(%, isregressed against this denoised prediction to obtain estimates
of A, that are unbiased and consistent (Extended Data Fig. 2, step 4).
2SLS estimates of A, can be potentially biased when instruments are
‘weak’’* (that is, when past lags have low predictive power in the
first-stage regression), underscoring the need to choose optimal values
for the hyper-parameters d and [ (Extended Data Fig. 8b).

Residual latent state estimation. The first stage of 2SLS involved
estimating, ateachtime ¢ (separatelyin each task epoch, for trials from
the two choice conditions), the regression coefficients g~ (using least
squares) as follows:

fl— _ (xtrainygtrain\oxgtrainytrain -1
B = XXX

(22)
where X" is a matrix of size dxKy,;,, whose columns correspond to
the noisy latent residual state (x7*", Eq. 21) for individual trials in the
‘training’ set. Similarly, x"“"‘ is a matrix of size (dxI)xK,,, where each
column corresponds to the past [lags (stacked vertically) relative to
xain, for the corresponding trial. Therefore, the k™ column of X“’“'"
(correspondlng totrialindex k) is a vector of size (dxI)x1 speuﬂed as

xtram (k)

1
xtram (k) — x o (k)

tl-

(23)
xtram (k)

Wethen predicted observed residualsin the test set (Z‘,remain-
ing 1/5th of the data) using estimates of Uj and B~ (both estimated
using Zain) by first obtaining a noisy latent residual state at each time
tfor each trial in the test set (denoted by x*“(k), analogous to Eq. 21).
The denoised prediction of the corresponding latent residual state is
obtained as:

Atest

( k) Bl— xtest ( k) (24)

The correspondng)redlctlon of the observed residual is then
obtained by projecting X,  (k)(Eq.24) backinto the 20D aligned space,
through the columns of Udyn'

2 teSt

: (k=U

a4 atest

Xt (k) (25)

These predictions were then used to compute a single
mean-squared error value for both task epochs (that is, summation
index ¢t below spans both epochs) as follows:

1 2 test

) -2 W) @6)

Ep =

Tpred-Kiest k t

where T, corresponds to the total number of time bins across both
epochs (including only those time indices ¢ that are greater than the
maximum lag used for grid search cross-validation), and K., is the total
number of trials in Z¢s,

Different values of hyper-parameters d (dimensionality) and [
(number of past lags) were sampled on a 2D grid. The resulting values
of E; (averaged across folds) for different settings of dand [revealed a
tendency to over-fit for large values (Extended Data Fig. 8b). The opti-
mal values of dand [ (denoted, henceforth, as d,,.and [,,,) were deter-
mined as the combination that resulted in the smallest number of
parameters for B~ (Eq. 22), with an average £, value no larger than 1
standard error above the minimum average E (1standard error rule™).

Time-varying dynamics estimation. For the second stage of 2SLS,
first, we used optimal values (d,,,and [,,,) of hyper-parametersdand [
(determined inthe previous step), torecompute the optimal dynamics
subspace (U* ;‘" using all trials fromboth choices withina task configu-
ration) and the optimal, denoised predictions of the latent residual
states (Eq. 24; usingall trials of aspecific choice and task configuration).
To obtain residual dynamics (A,), we then solved (in closed form) the
following penalized least-squares objective:”

~ 12
L= ||xr+1 - AtXtHF + Ay — AtHi (27)
t

where X,,; is a matrix whose columns correspond to the noisy
(d,,-dimensional), residual latent statesattimet+], forindividual trials
(obtained analogously as in Eq. 21). x[ is a matrix whose columns cor-
respond to denoised predictions of the latent residual states at time ¢
for corresponding trials (k™ column corresponds to X, (k), analogous
to Eq. 24). The above objective is optimized separately for each task
epoch (therefore, tin Eq. 27 indexes only time bins within an epoch).
Critically, a is a regularization parameter (Extended Data Fig. 2, step
4) thatimparts smoothness (larger values implies more smoothness)
to the sequence of dynamics matrices (A,) across time and is tuned in
aseparate five-fold cross-validation step. As expected, very small/large
values of a exhibit over-fitting/under-fitting (Extended Data Fig. 8c).

Choices of hyper-parameters. We found that values of d,,,,= 8 and
L,,.= 3 were optimalfor all eight datasets (one dataset consists of trials
for aspecific choice and task configuration; Extended Data Fig. 8d) in
each monkey. Despite small amounts of variability across different
datasets, we used these fixed values for consistency and to facilitate
easier comparison of residual dynamics across different datasets. The
8D dynamics subspace UZ;’;; computed using only residuals explained
68% (monkey T, median across 164 experiments; Extended DataFig.7c)
and 55% (monkey V, median across 80 experiments) of the variance in
the trial-averaged trajectories in the high-dimensional neural space
(Y, computed before alignment of sessions), as compared to 87%
(monkey T) and 73% (monkey V) explained by the 20D aligned subspace
(Ul and Extended Data Fig. 6¢) that was optimized to capture
trlal -averaged variance across all experiments. We found considerable
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variability in optimal values of @ across monkeys and task epochs
(Extended Data Fig. 8e; larger values for monkey V and movement
epoch). Across all datasets in both monkeys, we chose a,,, = 200 for
fitsin the decision epoch and a,,,, = 50 for fits in the movement epoch
to simplify comparisons between monkeys.

Analysis of residual dynamics
The optimal hyper-parameters (d,,, [,,,and a,,,) were used, in onefinal
step, to estimate the time-varying dynamics matrices A, (Eq. 27) using
alltrialsin Z, separately for each choice, task epoch and task configura-
tion. We analyzed the resulting EV and SV spectra of A, at all times ¢ in
thetrial. The EVs and the corresponding eigenvectors at the very first
time step were sorted in descending order of their EV magnitudes. At
subsequent times, we sorted EVs and their associated eigenvectors
such that they were maximally consistent with those at the preceding
time step, using amodified version of an open-source MATLAB script
(eigenshuffle.m”™). A similar procedure was used to sort the
time-varying SVs and the associated right and left singular vectors.
We computed the time constant of the dynamics (Fig. 4b,e) directly
from the EV magnitudes of A, as follows:

Jo B

¢~ Tog(}1]) (28)

where # is the EV at time t associated with the j* eigenmode, and Atis
the time step (=45 ms, length of time bin).

We analyzed theimaginary components of the complex-valued EVs
of A,toobtainevidence for rotational dynamics (Fig. 4d,g). The natural
oscillation frequency associated with the j/ eigenmode is given by:

; A
fo= o

(29)

where A/Vt is the angular phase of the /" EV.
We computed the largest EV magnitude (|17 |and Extended Data
Fig.4e)and SV (jo"*|and Extended Data Fig. 4f) at time t as:

AT = max )]

L 30)
o) = max

J

We quantified the magnitude of non-normality of the dynamics
(Fig. 4h) based on a previously proposed measure”, which compared
the SVand EV magnitudes as follows:

VE@r-3, (>
A = i i
dr(Ap) —T i

where ¢ and 2 are the j SV and EV, respectively.

(€1))

Task activity subspaces

Computing average task activity subspaces. We used the 20D,
aligned, single-trial response patterns (Z, output of step 1in Extended
Data Fig. 2) to compute four distinct task activity subspaces. These
four subspaces (denoted lliask, Jj €{choice, time, jPC,,,jPC;,}) captured
varianceinthealigned, trial-averaged trajectories due to choice (condi-
tion dependent), time (condition independent) and rotations™ (Fig.
3c,d) and were computed separately for the decision (aligned to dots
onset) and movement (aligned to movement onset) epochs and for
each task configuration.

To compute ‘choice’ and ‘time’ subspaces, trials in Z' (i indexes
experiments) were assigned to one of two choice conditions (choice 1
or choice 2), pooled across all experiments (within a task configuration)
and then averaged, resulting in two trial-averaged response matrices
(D) choicee1 AN (L) oice, OF dimensionality 20XT ¢, (Tpon = NUMber of

time binsin asingle task epoch). We then computed a normalized ‘dif-
ference response matrix’ (D) and a ‘sum response matrix’ (§) as
follows:

D=05:x (<Z>choice=1 - <Z>choice=2)

(32)
$=05=x (<Z>choice:1 + <Z>choice:2)

The first two principal components of the difference response
matrix (D) together defined the ‘choice’ subspace and captured most
ofthevariancein response patterns due to differences between choices.
Similarly, the first two principal components of the sum response matrix
(8) together constituted the ‘time’ subspace, capturing maximal variance
dueto choice-independent components of aligned activity patterns.

To compute the jPC subspaces, we temporally smoothed single
trials in Z! (box filter, width =180 ms) before computing the
trial-averaged response matrices (Z) qice—; ANd (Z) 0ice, @S described
previously. The jPC vectors for the decision and movement epochs
were estimated using these trial-averaged responses restricted to nar-
row time windows ineach epoch (5001,000)ms aligned to dots onset,
asevidence for rotational dynamics was strongest at these timesin the
decision epoch; Figs. 3c and 4d; (-250 250) ms aligned to movement
onset, as rotational dynamics could underly movement related
responses®; see also Fig. 3d). jPC vectors were computed in the space
spanned by the top four principal components (computed jointly on
(L) choice=1aNd (Z) ¢ 0ice—r)» Without removing the condition-independent
components of neural activity*®, resulting in two orthogonal jPC planes
(jPC,andjPC,,; Fig.3c,d), each spanned by a pair of complex conjugate
jPC vectors (v, and v,). To determine the projection of the responses
onto a single jPC subspace, we computed a pair of normalized
real-valued vectorsu, and u, as u; = v; + v,and u, = j = (v; — v,), which
spanned the same subspace as v, and v,. The imaginary components
of the EVs associated with v, and v, specified the natural frequency of
rotation associated with a jPC plane. The jPC planes were ordered in
descending order of their associated rotation frequency.

Only the two jPC planes (jPC,, and jPC,,) were constrained to be
mutually orthogonal (see Supplementary Analyses for alignment
betweenother task activity subspace pairs). The task activity subspaces
U’;ask capture variance in the aligned, trial-averaged trajectories but
need not perfectly align with the 8D dynamics subspace UZ;’:; computed
using theresiduals. To assess the extent of the overlap between these
two subspaces, we computed the fraction of total variance in a given
task activity subspace that was attributable to activity unfolding within
the dynamics subspace as follows:

dopt (¢ dopt ' i j !
e con( i (U U U 2

Tr(Cov(lV v 'z))

task " task

(33)

where Tr(.)is the matrix trace operator; Cov(.)corresponds to the covari-
ance matrix of the argument; and Z is the matrix of aligned,
condition-averaged trajectories of size 20 x (Tpoc, x 2). We computed
a null distribution by replacing the numerator of Eq. 33 by
Tr (Cov (Uj"”' (Ud”'"

lyn dyn task

U,a,,d>U’ ,Z)) , where U,,, (sampled randomly

5,000 times) is a pair of arandom, orthogonal directions embedded
within the 20D aligned space. The resulting null distribution pro-
vides the range of possible values for the above fraction that could
occur due to chance alignment of the 8D dynamics subspace with
an arbitrary 2D subspace embedded within the 20D aligned space.
The fraction of variance explained was in the range 0.66-0.94
(median=0.85, n=32, 2 task epochs x 4 planes x 4 task configura-
tions) for monkey T, with 31/32 (32/32) data points lying beyond the
99th (95th) percentile of the null distribution. The range was 0.41-0.95
(median=0.72, n=32) for monkey V, with 25/32 (28/32) data points
beyond the 99th (95th) percentile of the null distribution. These
findings imply that the components of the dynamics revealed by
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projections onto the task activity subspaces largely and consistently
unfold within the dynamics subspace estimated using the residuals.

Comparison of residual eigenvectors to task activity subspaces.
We computed the alignment between each task activity subspace(l)’task)
andthe eigenvectors of the residual dynamics, separately within each
task epoch. For each real-valued EV (pooled across eight dimensions,
times within epoch and choices), we computed the subspace angle
between achosentask activity subspace and the associated real-valued
eigenvector. For every estimated complex-conjugate EV pair, we com-
puted a pair of subspace angles between a 2D eigenplane spanned by
a pair of real-valued projection vectors u; and u, (computed as
described previously—thatis, u; = v; + v,and u, =j = (v; — v,), where v,
andv, are the complex conjugate eigenvector pair) and the task activity
subspace. To compute these subspace angles, we projected each eigen-
vector/eigenplane through the columns of UZ;‘;;, back into the 20D
aligned space, to ensure that they were of the same dimension as vec-
torsdefining U’wk We quantified the relationship betweenthe EVs and
the alignment of the corresponding eigenvector/eigenplanes with the
task activity subspace using a linear model (Fig. 5e). Specifically, we
regressed each subspace angle indexed by a given task activity
subspace (y axis; Fig. 5e) against the corresponding EV magnitude
(lev], xaxisin Fig. 5e, top) and rotation frequency (freq, xaxisin Fig. 5e,
bottom; Eq. 29) as shown below:

alignment (EV,j) = ﬂl lev| + ﬂfreq (34)
wherejindexes the individual task activity subspaces (je {choice, time,
jPCy,, jPC,}). The regression coefficients were estimated using least
squares, and we also reported the 95% Cls (based on the ¢-statistic) for
each regression coefficient (error bars in Fig. 5f).

Robustness of the analysis pipeline

Estimating bias in the estimates of residual dynamics. The choice
of bin size for binning spike counts was critical for avoiding biases in
estimates of A, (Extended DataFig. 9). Toillustrate the effect of bin size
onthe quality of estimates, we simulated datafrom a continuous-time,
time-invariantlinear dynamical system with alinear Gaussian observa-
tion model:

X, =AX; +b +¢€;
y.=Cx;+d+n,
X1~ N (0,Qp)
~N(0,Q
.~ N(0,R)

35)

where N(,.) denotes a normal distribution. We simulated 5,000
single-trial trajectories for a total of 1,500 time steps (1-ms time steps)
from a system with three latent dimensions and 20 observed dimen-
sions. The elements of the three eigenvectors of A were sampled
randomly from a standard normal distribution and were orthogonal-
ized (normal dynamics) and normalized to unit norm. The three EVs
were setto (-2, -4,-6), indicating stable, strongly decaying dynamics.
Theinputvectorbwassetto[2 2 2]". The covariance of the latent noise
(e;) was set to a scaled identity matrix (Q = o). The values of 62 (gray
lines; Extended Data Fig. 9a) were swept across two orders of magni-
tude to assess how latent noise variance affects estimates of A,. The
observation matrix Cwas arandom (elements sampled from a stand-
ard normal distribution), orthogonal matrix. The elements of the
baseline input vector d were sampled from a uniform distribution
between [0,8]. The observation noise matrix R was diagonal, with
elements sampled from a uniform distribution between [0,0.05]. The
initial noise covariance (Q,) was obtained by solving the
continuous-time Lyapunov equation.

We estimated the dynamics matrix (A,) using residuals binned in
non-overlappingbins of sizes [2, 3, 5,10,15,30, 40, 60]ms. Specifically,
we chose aHankel order g = 5 (Equation S14, Supplementary Math Note
A) and did not optimize hyper-parameters /and a during estimation.
Instead, we chose [and a sensibly, ensuring that they were consistent
across different bin sizes and with the underlying model class. For
instance, @ was set to alarge value (=10°), ensuring time-invariant fits,
and [wasset such thatit roughly translated into equal units of time for
differentbin sizes.

We assessed the effect of bin size on the estimated EVs of A,. Impor-
tantly, EVs for different bin sizes cannot be compared directly, as dis-
cretizing a continuous-time dynamical system trivially results in EVs
that depend on the duration of the discretization time step (here the
binsize). The same dynamical system, when expressed at step sizes At
and At,.;, would, therefore, resultin EVs /AIMJ and flgzref related by the fol-
lowingscaling relation:

Atyr

10 =)™

Atrer

(36)

To discount these trivial differences, we transformed each esti-
mated EV /lAt obtained for bin size A¢;into an ‘re-binned’ EV /1(’)
expected for a reference bin size At = 40 ms and compared them tb
the ‘ground truth’ EV expected for a bin size of At,; (Extended Data
Fig. 9a). The absolute value of A7) asymptotically converged to the
ground truth for increasing bin sizes, meaning that large bin sizes
resulted in unbiased estimates, with convergence beingindependent
of the specific choice of At,.

We observed asimilar asymptotic convergence for the neural data
(Extended Data Fig. 9b). This observation was used to determine the
optimal bin size for which estimates of residual dynamics can be
expected to be unbiased. We binned the recorded spiking data for
monkey Tinbinsizes of[15,30, 45, 60,90]ms and projected the result-
ing single-trial trajectories (for all bin sizes) into a common aligned
subspace (step1, Extended Data Fig. 2; U}, Eq.14) determined for abin
size of 45 ms, before computing residual dynamics. Once again, we did
notoptimize the hyper-parameters (d, [and a; steps 3 and 4, Extended
DataFig. 2) of the pipeline, as the aim was to understand how bin size
alone affects the estimated EVs. Instead, we fixed values of d and a to
the optimal ones determined by cross-validation (for residuals binned
in 45-ms bins) described previously (Extended Data Fig. 8 and Fig. 4;
d=8, a=200/50 for decision/movement epochs). Values of [ were
instead chosen separately for each bin size such that it roughly trans-
lated into equal units of time (/= 3/2 for bin sizes 0f 45/60 ms, implying
a135/120-ms-long window in the past; Eqs. 22-24).

We computed the ‘re-binned’ EV magnitudes of A, (Eq. 36) for the
different binsizes, expected under areference binsize (At,) 0f 15 ms.
The ‘re-binned’EV corresponding to each of the eight eigenmodes was
averaged across time within two distinct time windows that exhibited
the most pronounced temporal dependencies (Fig. 4; ¢ € [200400]ms
alignedtodotsonset,and t € [-150 250]ms aligned to movement onset).
We observed asymptotic convergence for all eight eigenmodes in all
task conditions (choice 1 or choice 2), task epochs (decision or move-
ment) and all task configurationsin monkey T for bin sizes greater than
30 ms (Extended Data Fig. 9b). Based on these findings, a bin size of
45 ms was well motivated for our analyses.

Qualitative estimates of goodness of fit. The average, cross-validated,
mean-squared error (computed using held-out test trials) of the predic-
tions resulting from the first stage of 2SLS (E,, Eq. 26; Extended Data
Fig.8b, shown only for asingle configurationin monkey T) for optimal
values of hyper-parameters (d,,. = 8, ,,,= 3) translated into a coefficient
of determination (R?) of 0.0367/0.0390 (mean across all task con-
figurationsand choices, s.d. = 0.0064/0.0029) in monkey T/V, respec-
tively. Similar R? values (mean(s.d.) = 0.0577(0.014)/0.065(0.013)
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for monkey T/V) were obtained for predictions resulting from the
second stage of 2SLS (Extended Data Fig. 8b, shown only for a single
configurationin monkey T) for optimal values of a,,,.(=200/50 for the
decision/movement epochs).

The small R? values made it difficult to gauge ‘goodness of fit, as
their relatively small magnitudes could be due to unstructured obser-
vation noise (which cannot be predicted by any model) dominating
the variability in the residuals. To determine if this is indeed true, we
simulated residuals from a time-varying linear dynamical system
(Eq. 11) with dynamics matrix (A,) and the observation matrix (C)
matched to optimal estimates of residual dynamics and dynamics
subspace (UZ;",;) obtained using neural data.

Simulating observed residuals (z, Eq. 11) also required, as a first
step, estimating the latent noise covariance (Cov(e;) = Q), variance in
theinitial latent state (Cov(X,) = Qg) and the observation noise covari-
ance (Cov (n,) = R). Closed-form estimates for these parameters were
obtained using maximum likelihood:

(T 1) Kd ag( 2 Z [Z‘ Ok d;F; ~t(k)] [Zr (k) - Xt (k)]’) 37)

t=l+1k=1

K
b=%zﬁﬂwzdm (38)
k=1

-1 K

Q?ﬁm(zmeAMMMwAMM)%

where X, (k) is the denoised prediction of the residual latent state at
time tontrial k (Eq. 24) resulting from the first stage of 2SLS.

These estimates were used to simulate residuals (Eq. 11) for a
matched number of trials for each choice and task configuration,
which were then used to compute idealized coefficients of determina-
tion (R%; and R%;...,), under the assumption that our analysis pipeline
works perfectly—thatis, is able to perfectly retrieve the dynamics (sec-
ond stage of 2SLS) and the denoised residual latent states (first stage
of 2SLS) at each time. We reasoned that this would provide a realistic
benchmark, if not a strict upper limit, for the fit quality that one can
hope to obtain in the context of large observation noise.

TocomputeR?;, . and R, we projected the simulated resndual
observations (z5™ (k)) into the estimated dynamics subspace (Ud;‘;;,
Eq.21) and computed the amount of variance explained in the resulting
projection by (1) the simulated latent state (denoted by x5 (k)) and (2)
a ‘noise-free’, one-step propagation of the simulated latent state
through the corresponding estimate of the dynamics matrix. The
former (R?%,,.«) provides a benchmark for comparing the coefficient
of determination obtained for the first stage of the 2SLS, whereas the
latter (R%;,.;) provides the same for the second stage of the 2SLS.
Mathematically, these quantities were defined as follows:

2

N xf"%k))
RN (H z“"’(k))

R? =10-

sim—fs

(40)

R —10- % Zk( T zﬂ""(k)—A,_lszf';'"l(k))Z

Sim—ss

(41)

2
dopt ' - i
= 2 w)

where x§™ (k)= A,_;XS™ (k) + &_;, and &_;is asample fromamultivariate
Gaussmn with covariance Q.

The range of values of R%;,,. (monkey T: 0.0738 + 0.011, monkey
V:0.0958 + 0.33; mean = s.d. across task configurations and choices)
and R%,.. (monkey T: 0.0512 + 0.0171, monkey V: 0.0674 + 0.0157;

mean + s.d.) qualitatively matched the range of values of the corre-
sponding cross-validated coefficient of determination (R?) for the first
and second stage of 2SLS obtained for the data (reported above). This
findingimplies that the low coefficient of determination measuredin
thereal dataislikely due to residuals being dominated by uncorrelated
observation noise.

Simulated models

We validated our analysis pipeline on a number of simulated models,
whichwerebroadly categorized into four groups: (1) models of decision
and movement, (2) linear state-space models with uncorrelated latent
noise, (3) linear state-space models with correlated latent noise and
(4) modular two-area recurrent network model. The first two model
categories exemplified the simple input regime (Fig. 1b), whereas the
latter two represented the complexinput regime (Fig. 1b). We provide
only a brief description of these four model categories here (see Sup-
plementary Methods for details).

Models of decisions and movement. We simulated single-trial
responses from six distinct models; three of these corresponded to
‘models of decisions’ (saddle point®, line attractor'? and point attrac-
tor), and the other three corresponded to ‘models of movement’ (rota-
tional dynamics®, dynamic attractor” and point attractor). Withineach
subcategory (decision or movement), the three models had distinct
recurrent dynamics and time-varying input drives, informed by previ-
ousmodels of sensory evidence integration and movement generation,
but defined so as to exhibit the same condition-averaged trajectories
(Fig.1c,d and Supplementary Methods). All six models were described
bya2Dlatentstate (x) governed by Eq. 1 (see Supplementary Methods
for specifications of parametersin Eq.42). Observed states (y) resulted
from alinear Gaussian observation process (similar to Eq. 11 but with
C=1I)asdefined below:

x=FX)+u,+¢
(42)
Ye =X+ 1,

Foreachmodel, we simulated a total of 4,000 trials, each of dura-
tion 1second (steps of 1 ms). Each trial belonged to one of two condi-
tions (choicelor choice 2) determined by either the initial condition of
the recurrent dynamics or the inputs. We estimated the time-varying
residual dynamics (A,, Eq. 11) using only the 2SLS regression (steps 3
and 4 of the analysis pipeline; Extended Data Fig. 2) directly on the
2D residuals (without steps 1and 2 of the analysis pipeline; Extended
Data Fig. 2). We did not optimize any of the hyper-parameters of the
pipeline. We used dimensionality (d) =2, lag () =5and aregularization
parameter (a) =100 for all model fits.

Toillustrate the various hypothesized relationships between the
residual dynamics and the condition-averaged trajectories (Fig. 5), we
also simulated an ‘augmented’ line attractor model (Fig. 5a,b) and an
‘augmented’ rotational dynamics model (Fig.5c,d), both characterized
by two additional latent dimensions (four latent dimensions in total).
The two additional latent dimensions were orthogonal to the first two
latent dimensions and were associated with quick, decaying dynamics
and sinusoidal inputs (Supplementary Methods).

Linear state-space models with uncorrelated latent noise. We also
validated the analysis pipeline on simulated single-trial responses from
six distinct latent variable state-space models (Extended Data Fig. 3),
which were characterized by (1) three distinct linear but time-varying
latent dynamics (Eq. 11; see also Supplementary Methods) and (2) two
distinct observation models: linear Gaussian (Eq. 11) or Poisson (Sup-
plementary Methods). Additionally, we simulated three more models
characterized by linear Gaussian observations (Eq. 11) but subject to
bothtime-varying dynamics andtime-varyinglatent noise (Supplemen-
tary Methods). These simulations demonstrated the robustness of our
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pipelineto different latent dynamics and observation model types. For
allninemodels, residuals were binned in 45-ms bins (Poisson observa-
tions were square root transformed) and were subjected to steps 2-4 of
the analysis pipeline (Extended DataFig. 2, without session alignment),
using cross-validation to tune the hyper-parameters.

Linear state-space models with correlated latent noise. To study
theinflationary effects of correlated, latent input noise (§(t) in Fig. 1b,
complex input) on estimates of residual dynamics, we considered
state-space models with linear time-invariant dynamics, characterized
by latent noise with decaying temporal autocorrelations (correlated
noise). We used these models to understand how neural activity that
is a consequence of recurrent processing in unobserved/unrecorded
areas influences residual dynamics measured within recorded/
observed areas. To model correlated latent noise, we assumed a
time-invariant, linear state-space model governed by the following set
of equations:

et+1)=de®)+{(t)
X(t+1)=Ax(t)+&(t)

43)

where {(t) isazero-mean white Gaussian noise process with covariance
matrix Q. We interpreted the model specified in Eq. 43 as follows. x(t)
was assumed to represent the latent population state of the recorded/
observed area, yielding observations z(t). £(t) was considered to rep-
resent the latent population state of unobserved or unrecorded areas,
contributing an autocorrelated, latent input noise process (similar to
€, Fig. 1b, complex input) that directly influenced x(t). Therefore, ¢,
which determined the dynamics of &(t), reflected the dynamics of the
unobserved/unrecorded areas. Foragiven A, ¢ and Q, we were able to
analytically derive the 2SLS estimate of the residual dynamics (Sup-
plementary Math Note B), assuming that (1) the model operated in
steady-state and (2) we only had access to x(t). We systematically varied
A, ¢ to quantify the effect of correlated, latent input noise on analyti-
cally derived estimates of residual dynamics, under steady-state condi-
tions (Extended Data Figs. 4 and 5, Supplementary Methods and
Supplementary Math Note B). These analyses did not require specifying
an observation model (unlike the previous models).

Modular two-area recurrent neural networks. We simulated
single-trial responses using amodular, two-area RNN model of percep-
tual decision-making, which emulated the interactions between PPC
and PFC*®. Each area was characterized by two choice-selective (choice
1 or choice 2) neural populations, which were recurrently intercon-
nected through E-lintra-areal (within-area) connections. These neural
populations were also interconnected across areas though inter-areal
(between-area), E-1, feedforward and feedback connections.

Wedenote the state of areaa (local state) at time t as x¢, a 2D vector
(onedimension per choice-selective populationinareaa). The ‘global’
network state x, (four dimensional) was defined by concatenating the
local state across both areas (Eq. 44). Observations specific to areaa,
denoted by y¢(ten dimensional), were obtained through alinear Gauss-
ian observation model (n, is multivariate, isotropic Gaussian, with
variance equal to 0.0006) applied to the ‘global’ state. The observation
matrix (C,,.;) Was block-diagonal (each block representing the obser-
vation matrix specific to an area):

yl;DC cppc 0 x;;pc
Y = = ChoderXe + Mt = + 1 (44)

yF 0 Cye )\ x*

Considering thateachareais characterized by two choice-selective
populations, the task-relevant dimensions corresponding to ‘choice’
and ‘time’modes specificto each area (Fig. 6a,d) were naturally defined
inthe 4D ‘global’ state-space as:

v =[1-100]"

choice —

ppc
utime

v —001-1"

choice

=100y
(45)

upft

T
choice ]

=[001 -1

We simulated two different types of networks, one in which feed-
back from PFC to PPC was absent and another in which feedback was
present (see details in Supplementary Methods). For each network
type, we simulated 30 different network configurations with distinct
intra-areal andinter-areal connectivity strengths, parameterized using
scalar-valued parameters J . (five distinct values; colored markers,
Fig. 6¢,f) and] ... (Six distinct values; xaxisin Fig. 6¢,f), respectively. For
the network configuration shown in Fig. 6a (Jy;= 0.36, J zcrss = 0.08 and
no feedback), we simulated anidentical network (with frozen noise) for a
‘shuffled’ condition, inwhich only the feedforward currentinputs ateach
time from PPC to PFC were randomly shuffled across trials, to remove
any slow temporal autocorrelations (Fig. 6b). Only PPC was driven using
external inputon each trial (indexed by k), defined as follows:

0, O0<t<T,,
K@) = (46)

(1% 12(2;) t> T

wherel,=0.0130 nA; T,,(=400 ms) is the time of stimulus onset; and c(k)
corresponds to the coherency on the k" trial. We simulated only trials
with zero coherency (c(k) = 0) and assigned each trial as either ‘choice I’
or ‘choice 2', depending on the population ‘choice’ readout from PFC
(projection onto u‘c’ﬁm) at the last time step of the trial. Specific details
about network architecture and dynamics canbe foundin ref. 38.

Residual dynamics was estimated either ‘locally’ (Fig. 6b), using
observations of PPC alone (y*) or PFC alone (yffc)), or ‘globally’
(Fig. 7a), using observations from both areas (y,). Observations were
temporally binned in 45-ms-long bins, and residual dynamics was
computed separately for each choice condition by employing the full
analysis pipeline (Supplementary Methods) but excluding the session
alignment (step 1in Extended Data Fig. 2). Additionally, we computed
the ‘local choice’ residual dynamics by fitting the one-dimensional
projection of residuals in PPC and PFC onto their respective choice
dimensions, u?>*. and ufﬁ)ice. We examined the relationship between
the largest EV magnitude (across time in the trial) of the ‘local choice’
residual dynamics (yaxisin Fig. 6¢,f; error bars are 95% bootstrap Cls)
and the network connectivity parameters J,,(colors in Fig. 6¢,f) and
Jacross (X axis in Fig. 6¢,f).

We performed aset of targeted causal perturbation experiments
(Fig. 8 and Extended Data Fig. 10) for the two example network con-
figurations (Figs. 6 and 7). We first obtained aset of ‘ground truths’ that
summarized how activity patterns associated with each area change
inresponse to asimulated perturbation. We then compared the simu-
lated perturbations to predictions based on either the ‘local’ or ‘global’
estimates of residual dynamics (Supplementary Methods).

Reporting summary
Furtherinformation onresearch designisavailablein the Nature Port-
folio Reporting Summary linked to this article.

Data availability
All neural data used in the manuscript are available at https://doi.
org/10.5281/zenodo.7378387.

Code availability

The data analysis pipeline and code to generate simulations pre-
sented in the paper are available at https://github.com/anirgalgali/
residual-dynamics.
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Extended Data Fig. 1| Residual and effective dynamics in models of decisions
and movement. a, Variability in responses across trials from the same task
conditionare interpreted as perturbations away from the condition-averaged
trajectory. The evolution of these perturbations reflects the properties of the
underlying recurrent dynamics (flow field, same conventions as in Fig. 1c).

Inset on right shows amagnified view of the condition-averaged trajectory

(red, choice 2) and corresponding single trials (dark gray) simulated from the
saddle point model. Residual vectors at each time (shown in purple for asingle
trial and time) are computed by subtracting the condition-averaged response

at that time from the corresponding single-trial response (purple equation).
Time-varying dynamics matrices (A,) of alinear time-varying, autonomous
state-space model (black equations, top-right) are fit to the residuals. These
matrices approximate the dynamics in distinct "local’ regions of state space (for
example dashed boxes) and are indexed according to time and condition. b-c,
Components of the dynamics for the models of decisions (b) and movement (c)
for an example reference time (blue dot) along the condition-averaged trajectory
for choice 1. Same conventions as in Fig. 2a. Dynamics are shown for a local
state-spaceregion close to the corresponding initial condition (boxes in Fig. 1c,
d; left). For allmodels, the estimated effective and residual dynamics (columns

5and 6) closely match the true effective and residual dynamics (columns 3 and
4).In these models, the residual dynamics (column 4) reflects only the recurrent
dynamics (column 1), butis notidentical to it. For one, the fixed point of the
residual dynamics by definition is located at the location of the reference state
(the blue dot), which in general does not match the position of fixed points

of therecurrent dynamics (for example the red circle in the first row and first
column, corresponding to the position of the unstable fixed pointin the saddle
point model). The position of fixed points of the recurrent dynamics can only
beinferredifthe inputs are known, arequirement that is not fulfilled in many
experimental settings. For another, consistent drifts resulting from the recurrent
dynamics (for example the drift along the channel in the dynamic attractor
model) are not reflected in the residual dynamics. Such drifts are ‘subtracted”
from the variability in the computation of residuals. Differences in the underlying
recurrent dynamics are more apparent in the residual compared to the effective
dynamicsin cases where the input drive is strong. For example, the average
cosine similarity between flow fields is 0.27/0.99 (saddle vs. line-attractor),
0.02/0.94 (saddle vs point-attractor) and 0.58/0.95 (line-attractor vs point-
attractor) for the residual/effective dynamics.
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Step 1: Session alignment

Goal: identify common, aligned modes across
different experiments.

Approach: singular value decomposition and
Gram-Schimdt orthogonalization

Input: concatenated (across sessions)
condition averaged trajectories Y joint

Output: “aligned” single-trial trajectories

Hyperparamters: # of aligned modes (M)

Step 2: Dynamics subspace
estimation

Goal: identify dimensions that are predictive
of the “future” based on the “past”.

Approach: Hankel matrix decomposition

Input: “aligned” residual responses

Output: ordered set of dimensions that
constitute a “dynamics subspace”

Hyperparamters: rank of hankel matrix (r)
(ascertained using cross-validation)

Step 3: Residual latent state
estimation
Goal: estimate the residual latent state

Approach: First stage of a two-stage least
squares(2SLS) regression approach

Input: “aligned” residual responses &
dimensions of dynamics subspace (step 2)

Output: denoised estimate of residual latent
state at each't”

Hyperparamters: dimensionality of dynamics
subspace (d) & number of regression lags (1)

Step 4: Time-varying
dynamics estimation

Goal: estimate time-varying residual
dynamics

Approach: Second stage of a two-stage least
squares(2SLS) regression (with regularization)

Input: “aligned” residual responses & first
stage estimates of residual latent states (from
step 3)

Output: time-varying dynamics matrices A;

Hyperparamters: smoothness penalty a
(ascertained using cross-validation)
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Extended Data Fig. 2| Schematic of analysis pipeline. Schematic depicting
the complete data analysis pipeline for inferring residual dynamics from

noisy neural population recordings (see Methods). The pipelineinvolves four
sequential steps. Step 1: session alignment; involves pooling single trials from
different recording sessions to increase the statistical power of the analyses.
Step 2: dynamics subspace estimation; involves using ‘aligned’ single-trial neural

residuals to obtain estimates of adynamics subspace (Ug,,) that effectively
contains the residual dynamics. Step 3: residual latent state estimation; involves
using the first stage of a two stage least squares (2SLS) approach to estimate a
‘denoised’ latent residual state. Step 4: time-varying dynamics estimation; uses
the denoised residual latent states (obtained in step 3) for the second stage of the
2SLS, to estimate the time-varying residual dynamics matrices (A,).
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Extended Data Fig. 3 | Residual dynamics of simulated, time-varying, linear
dynamical systems. a-c, Validation of the estimation procedure on simulations
oftime-varying, linear dynamical systems with temporally uncorrelated latent
noise (see Methods; Supplementary Methods). Simulations are based on a
latent variable dynamical system with 3 latent dimensions and 20 observed
dimensions. Residual responses are generated using a gaussian (circle markers:
fixed latent noise variance; square markers: latent noise variance switches
mid-way through the trial) or poisson (triangle markers) observation process.
In all simulations, the properties of the dynamics switch midway through the
simulated time window, from slowly decaying to quickly decaying (a); from
normal to non-normal (b); or from non-rotational to rotational (c). As in Fig.
4b-d, we characterize dynamics with the magnitude of the eigenvalues (left),
therotational frequency (middle), and the singular values (right). Markers
correspond to the estimated residual dynamics, black curves to the ground-truth
values. The estimated residual dynamics accurately matches the ground-truth
for all types of dynamics and observation models, before and after the switch,
and also reveals the time of the switch. We observed this match even when the
latent noise variance of gaussian observations was switched at the same time as
the eigenvalues/eigenvectors of the dynamics (square markers), demonstrating

that estimates of residual dynamics are robust to changes in latent noise variance
(see also Extended Data Fig. 5a-b vs e-f). d, Analogous to ¢, but for residual
dynamics (circles) estimated using ordinary least squares (OLS) instead of two-
stage least squares (2SLS) as in c. Results are only shown for data simulated using
agaussian observation process. Unlike the 2SLS estimates, the OLS estimates

are strongly biased, that is the magnitude of the eigenvalues and the singular
values are consistently underestimated. These biases are expected—they

arise because both the regressors and the dependent variables are corrupted

by observation noise (see Methods). The 2SLS instead produces unbiased
estimates, as the first stage of 2SLS results in a denoising of the regressors
(Methods; see also Extended Data Fig. 9). e, Parameters of the latent noise and
observation noise for the simulations in a-d were chosen to approximately
match the variability in the measured PFC responses. The variability in the
measured responses were quantified in terms of four statistics (10, 11, 11/10 and
pvar, x-axis; see Supplementary Methods). Histograms indicate the respective
values of these statistics in the neural data (one data point per task configuration,
choice condition and monkey; see legend in Extended Data Fig. 6a). The open
markers (top, same conventions as a-c) indicate the values of the statistics in the
simulations for each of the three models.
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Extended Data Fig. 4 | Inflation of local residual dynamicsin alinear two-area
dynamical system. We systematically explored the effect of correlated input
variability on estimates of residual dynamics in a two-area, linear dynamical
system (see Methods & Supplementary Methods). The input areaimplements
2D isotropic recurrent dynamics characterized by parameters A, 7, and o,
(eigenvalue, time-constant, rotation frequency). Activity in theinput area s
externally driven by uncorrelated noise. Values of A, closer to 1 resultin longer
auto-correlation times in the variability of activity in the input area. This activity
provides theinputinto the recorded area, which implements 2d isotropic
recurrent dynamics with parameters A,, 7,, w,. Residual dynamics at steady-state
is estimated from activity of the recorded area. At steady state, estimates can be
derived analytically (see Supplementary Math Note B). Because of temporally
correlated input variability, the properties of the residual dynamics (A,es, Tyes,
,.s) ingeneral do not match those of the recurrent dynamics in the recorded
area. a-b, Inflation of eigenvalues. a, Schematic of the model (top) and recurrent
dynamicsineach area (bottom, flow fields). Recurrent dynamics is stable and
non-rotational in both areas. b, Residual dynamics (4,.,) in the recorded areaas a

w, (Hz)

w, (Hz)

function of recurrent dynamics in the recorded area (1,, x-axis) and in the input
area (A, gray lines). The eigenvalues of the residual dynamics are inflated, that
isAsis larger than A, (all gray lines above the green line). Larger A, (longer input
auto-correlations) lead to stronger inflation. For A,= 0 (no recurrent dynamics
intherecorded area) A,.,= A, (gray circles). c-d, Inflation of rotation frequency. c,
Recurrent dynamics is rotational in the input area, but stable and non-rotational
intherecorded area. d, Residual dynamicsin the recorded area, expressed as the
magnitude of the eigenvalue (4., top) and the rotation frequency (w,,, bottom).
The eigenvalues of the residual dynamics are generally inflated (top), but the
relation with A, is non-monotonic and depends on w,. The residual dynamics is
rotational (bottom, w,.; >0) even though the recurrent dynamicsin the recorded
areais not (w,=0). The inflation of rotation frequency is reduced for increasing
A,.e-f,Equivalence of upstream and local recurrent dynamics. e, Analogous toc,
but dynamicsis switched between input and recorded area. f, Analogous tod, but
for the dynamicsin e. The residual dynamicsisidentical to thatind. In general,
residual dynamicsinthe recorded areareflects the combined effect of local and
upstream recurrent dynamics.
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Extended Data Fig. 5| Explanation of input driveninflationin residual
dynamics. To gainanintuitive understanding of inflation of eigenvalue
magnitude, we consider simulations of two-area linear dynamical systems
similar to those in Extended Data Fig. 4a. For simplicity, here we simulate stable
1d-dynamicsin each area, whereby variability of the inputinto the recorded area
iseither temporally correlated (c-d) or uncorrelated (a-b, e-f), and has fixed

(a-b, c-d) or time-dependent latent noise variance (e-f). The variability injected
into the input areais always temporally uncorrelated. Recurrent dynamics in
therecorded areais identical in all simulations. a, Model parameters for the

case of temporally uncorrelated input (1,= 0). b, Contributions to activity x in
therecorded area at steady-state. Activity x(t) (x-axis) is propagated through

the recurrent dynamics (left, y-axis) and added to the noise e(t) (middle, y-axis)
to obtainactivity x(t+1) at time t+1 (right, y-axis). The noise e(t) corresponds to
activity/output of the input area, and is shaped by dynamics determined by A,.
Pointsin the scatter plots correspond to different simulated trials. Estimating the
eigenvalue of the residual dynamics in the absence of observation noise amounts
to measuring the slope of the regression line relating x(t) to x(t+1) (right, gray
line). In this case, this slopeis identical to that obtained if the latent noise had
notbeen added to the activity (left, gray line), meaning that residual dynamics

-002 001 0 001002 -0.02-001 0 001002

x(t) x(t) ()

correctly reflects the effect of the recurrent dynamicsin the recorded area (slope
<0, reflecting A, < 0; left). c, Model parameters for the case of correlated input
(A, >0fort>0;1,=0at other times). d, Analogous to b, but for the modelin c.
Here activity and noise are shown at two times in the trial: early, when steady-
stateisnotyet reached (top) and late, at steady-state (bottom). At both times,
residual dynamics isinflated, that is the regression slope between x(t) and x(t+1)
(right) is larger than that obtained by applying only the recurrent dynamics (left),
indicating inflation of the eigenvalues. Inflation occurs because the noise itself
is correlated with activity in the recorded area (middle, slope > 0), an effect that
resultsindirectly from the correlation between e(t) and e(t-1). At steady state,
even theinflated residual dynamics s still stable (bottom-right, slope <1; see
also Extended Data 4b). However, immediately after the onset of the temporally
correlated input, residual dynamics erroneously reveals an instability (top-right,
slope >1). e, Parameters for the case of temporally uncorrelated noise but time-
varying noise variance. The variance of the noise injected into the input areais
increased at time t = 0, from 6., =10 t0 107°. f, A change in noise variance does
notresultininflation of the residual dynamics, neither early nor late after the
change (right, top and bottom; same slope as on the left; see also Extended Data
Fig.3a-c, squares).
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Extended DataFig. 6 | Alignment of neural population responses from
different experiments. Validation of the session alignment procedure of

the analysis pipeline (Extended Data Fig. 2, Step 1; see Methods). We aligned
neural population responses of all experiments belonging to the same task
configuration and then pooled the aligned single trial responses across
experiments before computing the residuals used in estimating the dynamics.
The outcome of the session alignment procedure is aset of 20 ‘aligned”

modes for each experiment, defined such that the activity of each mode has

the same dependency on time and choice across experiments. a, Definition

of task configurations. We assigned each experiment to one of four target
configurations (distinguished by markers, indicated on top of each panel along
with number of experiments) based on the angular position of the targets (blue:
choice1; red: choice 2). The position of the targets was similar, but notidentical,
across experiments within the same task configuration. (left: Monkey T, right:
Monkey V). b, Psychometric curves for all experiments in both monkeys (left:
Monkey T, right: Monkey V), showing the fraction of saccades to choicelas a
function of the signed motion coherency. Each gray data point is computed from
trials belonging to a single experiment. The employed values of signed coherency
varied slightly across experiments, in an attempt to achieve acomparable
overall performance in each experiment. Black curves show logistic functions
fitted separately to data points from a given task configuration (different
markers; seelegendsin c) and evaluated at logarithmically spaced levels of
coherency (positions of the white markers along the x-axis). ¢, Cumulative
variance explained in condition-averaged population responses (mean +/-

2 s.e.m.across experiments; symbols asina, n=number of experiments in

each task configuration: see a) as a function of the number of aligned modes
inboth monkeys (left: Monkey T, right: Monkey V). The cumulative variance
explained by the first 20 aligned modes for all 164 experimentsin Monkey T

and 80 experiments in Monkey V showed a strong positive trend with number
of trials (inset, bottom) and a weak negative trend with the number of units
(inset, top). d, Activity of the first 20 aligned modes (numbered from top-left

to bottom-right) for config-3in monkey T (15,524 trials across 41 experiments)
ordered according to the amount of variance explained. Activity is defined

as the projection of the population condition averages onto each mode. The
projection was computed separately across experiments for choice 1and choice
2 (blue and red) with responses aligned either to stimulus onset or saccade onset
(black arrows). The resulting projections were then averaged across experiments
(line: mean; shading: 2 s.e.m. across 41 experiments). e, Same data asind, but
showing the time-course of each aligned mode (numbered from1to 20) for
eachindividual experiment (y-axis) separately for the two choice conditions
(choiceland choice 2, top and bottom sub-panels). Differences in the activation
of agiven mode across experiments (thatis across rowsin each sub-panel) are
much smaller than the differences in the activations across modes (that is across
sub-panels), demonstrating the success of the alignment procedure. f, Absolute
value of the projection (y-axis) of the 8 basis vectors (dim-1through dim-8;

red to blue) that span the dynamics subspace (U, estimated in Step 2 of the
analysis pipeline; Extended Data Fig. 2) onto the 20 aligned modes, indicating
the relative alignment of the aligned and dynamics subspace. The dynamics
subspace is computed separately for each task configuration (symbols asa) in
each monkey (left: Monkey T, right: Monkey V), and projects most strongly onto
the first few aligned components (i.e large projection values for smaller aligned
mode number). The dynamics subspace thus largely overlaps with the subspace
ofactivity that captures most of the task-related variance in the responses (see
also Extended Data Fig. 7c). g, Evaluation of the alignment procedure for all task
configurations (columns) in both animals (rows). Each element of the matrix

is obtained from the correlation coefficient between the time-courses of two
aligned modes (that is positions along horizontal and vertical axes). We show the
median correlation coefficient across all pairs of dissimilar experiments. Values
close to1along the diagonal and close to O in the off-diagonal indicate that the
time-courses are much more similar across experiments than across modes,
indicating successful alignment.
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residual dynamics for single experimental session in monkey T, choice-1 (170 units, 875 trials)

12+ 05 - 124
- 0.50
L o
rroperERReTD @3 [ -0:50 . o F s
? 0. : Fw%mw 050 & -
r025 o
. L-0.10 3 .
g

o

N

w
I

s = 3
3 08 \ 0202 = s
& c o -
= 8 © S
v E < =
2 06+ S S0 - 0.00 g
7 y = 1 F-0.25%= s
g ) L0508 3
S 04 £ 3 jﬁl e oM
o © 2 =&
0251 --1.00 2
0.2 0.2
o - ’OL‘ 0.5- 0 -
4 ) 4 274 ) ) 4 ) )
stimulus stimulus saccade stimulus stimulus saccade stimulus stimulus saccade
on off on on off on on off on
b Monkey T, 58,187 trials Monkey V, 34,451 trials C 70+ Monkey T, 164 experiments
averaged across neurons (164 experiments) averaged across neurons (80 experiments)
1.08 112 60- M
2z
c
) g 501
1.06 - 111 £
El ) & 40
o x
5 -
£1.04] S 304
& 1.08 3
% fjf 20+
u“— =
1.02 104
1.06
200 200 0 R 1 T
1y =" N y = 0 02 04 06 08 1
stimulus saccade fraction variance explained
on on by dynamics subspace

Extended Data Fig. 7| Single session and single unit results. a, Residual
dynamics estimated using neural data for a single choice condition (choice-1,
875 trials) from a single experiment in monkey T. This experiment has the largest
number of trials among all experiments in monkey T. Conventions as in Fig. 4b-d.
We estimated the residual dynamics directly from high-dimensional residual
observations that corresponded to square-root transformed, binned spike-
count vectors (dimensionality = number of units; 170 for this session), without
performing the session alignment (step 1in Extended Data Fig. 2). Overall, the
properties of the residual dynamics estimated from this single session are similar
to those obtained after pooling trials across sessions (Figs. 4b-d, 8 dimensional),
suggesting that the main features of the residual dynamics (Fig. 4) are not
affected by the alignment procedure. The lower dimensionality of the estimated
residual dynamics (4 dimensions, blue to cyan; compared to 8 dimensions in

Fig. 4a-d) most likely is a consequence of the smaller number of available trials
inthe single session compared to the aligned sessions. The resulting smaller
statistical power makes is harder to estimate, in particular, the faster decaying
eigenmodes of the dynamics. b, Trial-by-trial variability in single neurons is
transiently reduced at the onset of specific task-events. We quantified single
neuron variability as the time-varying, mean-matched Fano-factor computed

by pooling units/neurons across all experiments in amonkey (empty circles:

mean; dashed curve: 95% normal confidence intervals obtained by resampling
datapoints; left: Monkey T, n =218,856 datapoints; right: Monkey V, n =118,629
datapoints; each datapoint corresponds to a single neuron-condition pairing
within an experiment). In both monkeys, the mean-matched Fano factor
undergoes a transient reduction locked to the onset of the stimulus and the onset
of thesaccade. The reductionin variability around the time of saccade onset
coincides with a contraction of the eigenvalues of the residual dynamics (Fig.
4b,e), suggesting that more quickly decaying dynamics may underlie variability
quenching at that time. A contraction of eigenvalues, however, does not appear
necessary to explain variability quenching, as an analogous contraction is not
observed at the time of stimulus onset, despite the consistent reduction in
variability at stimulus onset. ¢, Overall fraction of variance explained by the
dynamics subspace. We quantified what fraction of the variance of the condition-
averaged trajectories in the high-dimensional neural space (state space defined
by theindividual units) is contained in the dynamics subspace (U, estimated
inStep 2 of the analysis pipeline; Extended Data Fig. 2). Data from all 164
experimentsin monkey T. On average in monkey T, the 8-dimensional dynamics
subspace explains 68% of the variance in the average neural trajectories in
monkey T (dashed vertical line, n =164 experiments).
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Extended Data Fig. 8 | Cross-validation of hyper-parameters used for
estimating residual dynamics. a-c, Representative results of the cross-
validation procedure used to determine the various hyper-parameters of the
analysis pipeline (Extended Data Fig. 2; see Methods) for neural datafroma
single task configuration in monkey T (config-3, see Extended Data Fig. 6a).

a, Cross-validated hankel matrix reconstruction error (Ey,; Circle: mean over
n=20 repeats of hold-out cross validation; error bars: 1s.e.m) plotted as a
function of the rank of the hankel matrix (r, step 2 in Extended Data Fig. 2; see
Methods) for residuals from the two epochs (left: decision; right: movement)
and two choices (blue: choice 1; red: choice 2). The reconstruction error for each
ofthe 20 repeats was computed by assigning arandom 50% of the trials as a
“training” set and therest as a “test” set. b, 5-fold cross-validated mean squared
error (Eg; circles: mean over n=5 folds; error bars:1s.e.m) of the denoised
residual predictions obtained from the first stage of the two-stage least squares
regression (2SLS; step 3 in Extended Data Fig. 2), plotted as a function of the
hyper-parameters: d (dimensionality of dynamics subspace); and I (number of
past lags). For each cross-validation fold, a single mean squared error measure

was computed by pooling the denoised predictions across time pointsin both
epochs (left: choice 1; right: choice 2). ¢, Cross-validated mean squared error
(circle: mean across n=5'repeats’ of the average mean squared error across
5-folds; error bars: 2 std across repeats) of the residual predictions obtained
from the second stage of the 2SLS regression (step 4 in Extended Data Fig. 2),
plotted as a function of the smoothness hyper-parameter a for different epochs
(left: decision; right: movement) and choice (choice1and 2). Both the train
(orange) and test (gray) error are shown. d, Summary showing the optimal

value for the dimensionality d and lag I (step 3 in Extended Data Fig. 2) for all
task configurations and monkeys (symbols as in Extended Data Fig. 6a). A
dimensionality of 8 and a lag of 3 was deemed optimal for both monkeys and task
configurations (used in Fig. 4). e, Summary showing the optimal smoothness
hyper-parameter a(step 4 in Extended Data Fig. 2) for all task configurations and
monkeys. Final values of « were chosen to be the same across monkeys in Fig. 4
(decision epoch:a=200; movement epoch:a =50) despite asmall degree of
variability across the two monkeys. Same conventions asind.
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Extended Data Fig. 9 | Assessing statistical bias of eigenvalue estimates. We
estimated the residual dynamics for different choices of bin size, to identify the
smallest binsize resulting in unbiased estimates. In the discrete time formulation
ofalinear dynamical system, like the one we use here, re-binning of the responses
trivially results in ascaling of the estimated eigenvalues of the residual dynamics.
To compensate for this rescaling, here we ‘mapped’ the estimated eigenvalues
onto acommon, reference bin size (see Methods). In the absence of statistical
biases, theresulting ‘re-binned eigenvalue’ would be independent of bin size.

a, Re-binned eigenvalues for simulations of a time-invariant, latent-variable
(3latent dimensions), LDS model (reference bin size =40 ms) as a function of bin-
size (dashed line: ground truth). Different gray lines correspond to models with
different levels of latent noise (legend). When latent noise is large, estimates of
the residual dynamics are biased for small bin sizes, but become unbiased when
binsizeis sufficiently large (light gray). When latent noise is too small, estimates

are biased for any choice of bin size (black). b, Estimated, re-binned eigenvalues
(reference bin size =15 ms) as a function of bin size for all configurationsin
monkey T. Columns correspond to the 8 distinct eigenmodes of the estimated
8-dimensional residual dynamics (left to right, largest to smallest EV), rows
correspond to task configurations (top to bottom, config-1to 4; see Extended
DataFig. 6a). Here the re-binned eigenvalues were computed separately for each
choice (red vs blue) and averaged in small temporal windows specific to each
epoch: 0.2-0.4 srelative to stimulus onset (solid lines) and -0.15 to 0.25 s relative
tosaccade onset (dashed lines). All main analyses of recorded neural responses
arebased on abinsize of 45 ms, for which eigenvalue estimates have converged
to anasymptote, suggesting that our estimates are not biased. Note that the
re-binned eigenvalues for a bin size of 45 ms are larger than the corresponding
eigenvalues reported in other figures (for example Figure 4b), because the
former were mapped onto a reference bin size of 15 ms.
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Extended Data Fig. 10 | Unidirectional and bidirectional communication
between areas. A population level mechanism explaining unidirectional and
bidirectional communication between areas, incorporating key properties of
the global residual dynamics in the feedforward (a, b) and feedback networks
(c,d) inFig.7. We simulated time-independent, two-dimensional, linear
dynamics, whereby the two cardinal dimensions (left panels in a-d) represent the
choice modes in PPC and PFC (Fig. 6a,d). The time modesin each areaare ignored
here. We simulated alocal perturbation (right panelsin a-d) eitherin PPC (a, ¢)
or PFC (b, d) by initializing activity along the corresponding choice mode (black
circles, left panels) and then letting activity evolve (white points) based on the
linear dynamics determined by the respective EVs (Fig. 7a; see Supplementary
Methods). a, Perturbation in PPC in the feedforward model. Left: evolution of
activity in the two-dimensional, global state-space spanned by PPC and PFC.
Right: time-course of the norm of the population activity. The PPC perturbation
causes expanding activity in PPC that propagates to PFC. b, Perturbation of PFC
inthe feedforward model in Fig. 6a. The PFC perturbation decays in PFC and does
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not propagate to PPC. This unidirectional communication results from
non-normal dynamics, as EV, is shared, while EV, is private to PFC (EV, not
orthogonal to EV;). ¢, Perturbation of PPC in the feedback model. The PPC
perturbation causes a dip in PPC and expanding activity in PFC.d, Perturbation
of PFCinthe feedback modelin Fig. 6d. The PFC perturbation causes adip in
PFC and expanding activity in PPC. In the feedback model, perturbations in one
area thus propagate to the other area. This bidirectional communication arises
because both EV,and EV, are shared equally between PPC and PFC. Somewhat
counter-intuitively, the existence of bidirectional communication in these
models can be inferred when considering activity in the perturbed area alone.
Activity inthe perturbed areainitially decays, and expands only later; activity in
the unperturbed area does not show this dip. The dip occurs because any local
perturbationis only partially aligned with the shared, unstable direction (EV,).
Initially, activity in the perturbed area then mostly reflects the rapidly decaying
component of activity along the second, global eigenvector (EV,).
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stationarities in their temporally averaged firing rates, in an automated manner.
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in 1.2s long time windows aligned to stimulus onset ([-200 1000]ms) and movement onset ([-700 500]ms). All trials with delay lengths <
400ms were excluded, to ensure minimal overlap between decision and movement epoch responses

Replication All code used for the analyses and simulations reported in this study is publicly available on Github

Randomization  No randomization was performed as the experiments in this study were not grouped. Cross-validation involved randomly assigning trials in
each animal to folds, when performing hold-out or 5-fold cross-validation.
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Laboratory animals Two adult rhesus macaque (Maccaca Mulatta) monkeys
Wild animals No wild animals were used in this study
Reporting on sex Both monkeys were Male. Sex was not considered as a relevant variable in the design of this study.

Field-collected samples  No field collected samples were used in this study.

Ethics oversight All surgical, behavioral, and animal-care procedures complied with National Institutes of Health guidelines and were approved by the
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